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Abstract
Ultra-high-energy cosmic rays (UHECRs) are the most energetic particles observed in the Uni-
verse. Their energy spectrum, chemical composition and arrival directions are observed in
extensive air-shower (EAS) experiments, notably the Pierre Auger Observatory (Auger) and
Telescope Array (TA). While the astrophysical sources of UHECRs have not yet been uniquely
identified, there are strong indications for an extragalactic origin. The interpretation of the ob-
servations requires both simulations of UHECR acceleration and energy losses inside the source
environment as well as interactions during extragalactic propagation. Due to their extreme en-
ergies, UHECR will interact with photons in these environments, producing a flux of secondary
neutrinos. The IceCube observatory has detected a neutrino flux of astrophysical origin, which
likely consists of neutrinos from astrophysical sources and not of neutrinos produced during
extragalactic propagation of UHECRs (so-called ‘cosmogenic’ neutrinos).
This dissertation deals with models of UHECR sources and the accompanying neutrino pro-
duction in the source environment and during extragalactic propagation. At present, there is a
wide range of possible UHECR source candidates with different UHECR acceleration and inter-
action mechanisms. Therefore, the generic source properties imposed by propagation are studied
in this thesis, as well as gamma-ray burst (GRBs) as one specific source candidate. These mod-
els depend on the cross sections for photo-nuclear and hadronic interactions of UHECRs, which
are only sparsely measured. This affects the photo-disintegration and photo-meson production
both in the source and during extragalactic propagation. Furthermore, the EAS development
is driven by hadronic interactions of UHECRs with air atoms, which introduces degeneracies in
the interpretation of the observed data in terms of chemical composition.
We have developed a new, computationally efficient code, PriNCe, for the extragalactic
propagation of UHECR nuclei. The computational speed allows to efficiently vary the cross
sections and photon-environments between runs. The PriNCe code is applied for an extensive
parameter scan of a generic source model that is described by the spectral index, the maximal
rigidity, the cosmological source evolution and the injected mass composition. In this scan, we
demonstrate the impact of different disintegration and air-shower models on the inferred source
properties. A prediction for the expected flux of cosmogenic neutrinos is derived, which is found
to be out of range for future neutrino detectors, independent of the model uncertainties.
GRBs are discussed as specific UHECR source candidates in the multi-collision internal-shock
model. This model takes the radiation from different radii in the GRB outflow into account. We
demonstrate how different assumptions about the initial setup of the jet and the hydrodynamic
collision model impact the production of UHECRs and neutrinos. Motivated by the multi-
messenger observation of GRB170817A, we discuss the expected neutrino production from this
GRB and its dependence on the observation angle. We show that the neutrino flux for this




Utrahochenergetische kosmische Strahlung (ultra-high-energy cosmic rays – UHECR) besteht
aus ionisierten Atomkernen mit den höchsten Teilchenergien, die je gemessen wurden. Sie er-
zeugen Luftschauer in der Erdatmosphäre, anhand derer Experimente wie das Pierre Auger
Observatory (Auger) und das Telescope Array (TA) ihre Energien, chemische Komposition und
Ankunftsrichtungen rekonstruieren. Zwar wurden die Quellen von UHECRs noch nicht eindeutig
identifiziert, doch gibt es deutliche Anzeichen, dass sie extragalaktisch sind. Um die Beobachtun-
gen zu interpretieren, wird sowohl ein Modell der UHECR Beschleunigung und Wechselwirkun-
gen in der Quelle als auch der Wechselwirkungen während der extragalaktischen Propagation
benötigt. Dabei werden astrophysikalische Neutrinos erzeugt, welche vom IceCube Observatory
nachgewiesen wurden. Der gemessene Fluss besteht wahrscheinlich aus Neutrinos aus astro-
physikalischen Quellen und nicht aus sogenannten kosmogenischen Neutrinos, die während der
UHECR Propagation entstehen.
Diese Dissertation behandelt Modelle der Quellen von UHECRs und die damit verbundene
Produktion von Neutrinos sowohl in den Quellen als auch während der Propagation. Momentan
gibt es eine Vielzahl von möglichen Quellen von UHECRs, in denen verschiedene Mechanismen
zur Beschleunigung und Wechselwirkung von UHECRs führen können. In dieser Arbeit werden
daher sowohl die generellen Eigenschaften der Quellen anhand der Propagation abgeleitet als
auch Gammastrahlenblitze (gamma-ray bursts – GRBs) als eine spezielle Quelle behandelt.
Für photohadronische Wechselwirkungen, welche einen wichtigen Einfluss auf die Disintegration
in der Quelle und während der Propagation haben, liegen nur unzureichende Messungen vor.
Zusätzlich hängt die Interpretation der chemischen Komposition in Luftschauerexperimenten
von Modellen der hadronischen Wechselwirkungen von UHECR Atomen mit der Luft ab.
Für diese Arbeit wurde ein neuer Code, PriNCe, für die Propagation von UHECRs entwickelt,
der ermöglicht, die Wirkungsquerschnitte und Photonumgebungen effizient zwischen einzelnen
Berechnungen zu variieren. Dieser Code wird in einem umfangreichen Parameterscan für ein
generisches Quellenmodell angewendet, welches mit dem Spektralindex, der maximalen Rigidi-
tät, der kosmologischen Quellenverteilung und der chemischen Komposition als freie Parameter
definiert ist. Dabei wird der Einfluss von verschiedenen Photodisintegrations- und Luftschauer-
modellen auf die erwarteten Eigenschaften der Quellen demonstriert. Der Fluss kosmogenischer
Neutrinos, welcher sich aus dem erlaubten Parameterraum ableiten lässt, liegt unabhängig von
den Modellunsicherheiten außerhalb der Reichweite aller derzeit geplanten Neutrinodetektoren.
GRBs als mögliche Quellen von UHECRs werden im Multi-Collision Internal-Shock Modell
simuliert, welches die Abhängigkeit der Strahlungsprozesse von den verschiedenen Dissipations-
radien im Plasmajet berücksichtigt. Für dieses Modell wird der Effekt demonstriert, den ver-
schiedene Annahmen über die anfängliche Verteilung des Plasmajets und das hydrodynamische
Modell auf die resultierende UHECR- und Neutrinosstrahlung haben. Für den Gammastrahlen-
blitz GRB170817A, welcher zusammen mit einem Gravitationswellensignal beobachtet wurde,
werden Vorhersagen für den Neutrinofluss und ihre Abhängigkeit vom Beobachtungswinkel ge-
macht. Diese liegen mindestens vier Größenordnungen unterhalb der Detektionslimits.
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AGN active galactic nucleus
CIB cosmic infrared background
CMB cosmic microwave background
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DOM digital optical module
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Cosmic rays are extraterrestrial charged particles, mainly protons and nuclei, that constantly
hit the Earth’s atmosphere. Their observed energies range over many orders of magnitude from
below 1 GeV to the most energetic particles ever observed at 1011 GeV. The steeply falling flux
constitutes a challenge for detection at higher energies. At energies above ∼ 105 GeV, cosmic rays
can only be observed indirectly through the air showers they initiate in the atmosphere. Cosmic
rays above ∼ 108 GeV are typically referred to as UHECRs. Their energy, mass composition
and arrival direction are currently measured by the Pierre Auger Observatory [6–8] and the
Telescope Array [9–11], which are extensive air-shower detectors.
The apparent isotropy in the arrival directions of UHECRs is strong evidence that they are
of extragalactic origin [12, 13]. This is complemented by the fact that no known source in our
galaxy is capable of accelerating UHECRs to their extreme energies. The identification of the
sources of UHECRs is complicated because UHECRs are deflected in extragalactic and Galactic
magnetic fields, losing the direct spatial correlation to their sources [14]. While the sources
have therefore not yet been uniquely identified, there are several viable source candidates that
are in principle luminous and abundant enough to power the flux of UHECRs [15, 16]. In
most of these source environments as well as during extragalactic propagation, UHECRs will
interact with photon fields, leading to energy losses and the production of secondary neutrinos
and gamma-rays. For UHECR nuclei this also leads to photo-disintegration.
The mass composition measurements by the Auger collaboration show a significant abundance
of UHECR nuclei, with the average composition getting heavier at the highest energies [17]. To
interpret these observations in terms of the source physics, a complete model of the diffuse
flux and mass composition of UHECRs needs to take into account both the acceleration and
interactions inside the sources as well as the interactions during extragalactic propagation. Since
the disintegration cross sections are only measured for a few stable elements, this adds significant
uncertainties to the model [18]. Additionally, the reconstruction of mass composition from the
air-shower profile relies on hadronic interaction models [19, 20]. These models add additional
uncertainties, as the first few interactions in the air shower happen at center-of-mass energies
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that are several orders of magnitude above those obtainable at the LHC. The largest uncertainty,
however, comes from the model of the source environment, since the different possible source
candidates can have widely different properties like size, radiation density and distribution over
redshift.
Taking into account additional messengers can help to constrain some of these uncertainties.
Specifically neutrinos are a signature of UHECRs at the source, since they are produced domi-
nantly in photo-hadronic interactions. A flux of neutrinos with astrophysical origin has in fact
been observed by the IceCube Observatory [21, 22]. As neutrinos are electrically neutral, they
are not deflected by magnetic fields and can point towards the sources of UHECRs. While no
clear correlation has been established yet, the non-observation of neutrinos from specific source
classes leads to stacking limits [23–25]. Similarly, the non-observation of neutrinos produced
during extragalactic propagation, so-called ‘cosmogenic’ neutrinos, limits both the cosmological
evolution of sources and the UHECR composition. This is because cosmogenic neutrinos reach
us even from high redshifts, while UHECRs do not, and are produced much more copiously from
UHECR protons than from heavier nuclei [5, 26, 27].
In this thesis, we discuss both the extragalactic propagation of UHECRs as well as gamma-ray
bursts (GRBs) as possible sources of UHECRs. For this, we developed a new code, PriNCe, to
simulate the extragalactic propagation of UHECRs and the production of cosmogenic neutrinos.
This code is applied in a comprehensive parameter scan of the main model uncertainties affecting
the interpretation of UHECR data. GRBs are discussed in a sophisticated multi-collision model,
which takes into account collisions in the plasma jet at different radii. From this model we derive
the expected neutrino and UHECR output.
The thesis is structured as follows: In Chapter 2 we introduce the four different astrophysical
messengers. All of these have different advantages for detection, so multi-messenger astronomy
combines different measurements for more conclusive information on the sources. Since this
thesis is focussed on the UHECR-neutrino connection, a more detailed overview will be given
for the observations of these two messengers as well as the prevailing interpretations of their
main observed features. The relevant physical interactions and model assumptions required to
interpret the flux and mass composition of UHECRs are explained in detail in Chapter 3. This
includes the acceleration as well as interactions in the source, during extragalactic propagation
and in the atmospheric air showers.
Our code for extragalactic propagation, PriNCe, will be presented in Chapter 4. It was
developed from the ground up during the work leading up to this thesis. We focus on the main
techniques used to accelerate the computation. The PriNCe code is employed in Chapter 5
to fit the UHECR energy spectrum and composition data in a comprehensive parameter scan.
In this scan, we study the parameters of a generic source population, which is defined with the
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spectral index, the maximal rigidity, the cosmological source evolution and the mass composition
as free parameters. We discuss the impact of different model choices for disintegration during
extragalactic propagation as well as hadronic interactions during the air-shower development.
From this parameter scan, we derive a prediction for the expected flux of cosmogenic neutrinos
and its robustness under the model assumptions.
GRBs are discussed as possible sources of UHECRs and neutrinos in Chapter 6. We model
them in a sophisticated multi-collision model that takes into account the radiation at different
radii in the plasma jet of a GRB. In this model we discuss the impact of different assumptions
on the GRB engine accelerating the plasma jet as well as the model for the hydrodynamic
collisions occuring inside the jet. From this, we make predictions for the ejected neutrino and
UHECR spectra and their dependence on the initial assumptions. Lastly, we discuss the expected
neutrino emission from GRB17017A and its dependence on the observation angle in Chapter 7.
This short GRB has received specific attention because its observation was the first time that an
electromagnetic signal was observed in coincidence with a gravitational wave event. We discuss




Multi-messenger astrophysics with UHECRs and
neutrinos
At present, there are four messengers that can be detected in astronomy: electromagnetic ra-
diation, cosmic rays, neutrinos and gravitational waves. Each of these messengers individually
carries important information on their sources. However, some messengers are likely produced
in common source environments. Especially the production of high-energy neutrinos is expected
to be closely connected to the acceleration of UHECRs. Multi-messenger astronomy deals with
exploiting these connections by trying to observe correlations between the different messen-
gers. This thesis deals with models of multi-messenger production, specifically focussing on the
UHECR-neutrino connection. This chapter gives an overview of the different messengers and
how their combined information can lead to new discoveries in Section 2.1. This is followed by
more detailed introductions of the current observations related to UHECRs in Section 2.2 and
astrophysical neutrinos in Section 2.3. A short overview of the prevailing models for the origin
of UHECRs and their neutrino constraints is given in Section 2.4.
2.1 Astrophysical messengers
Astronomy goes back several millenia and was based on observations with the bare eye for a
long time. In more recent times, technical advances constantly pushed the range of the observ-
able universe. New instruments allowed to observe an increasing range in photon-wavelengths.
Additionally, more messengers became experimentally observable. A little more than 100 years
ago, cosmic rays were first discovered and have since been detected at increasingly higher en-
ergies. More recently, neutrinos and gravitational waves completed the range of currently ob-
servable astrophysical messengers. Our knowledge of the Universe has not only been extended
by the increasing number of observations, but also by combining their information, first in
multi-wavelength and then in multi-messenger astronomy. This is because each of the different
messengers has unique advantages:
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Electromagnetic radiation: Still today, most of our information on the Universe comes from
photon observations in different wavelengths. Most known sources were first identified by photon
observations. The observable range in wavelength has been constantly extended by new technical
developments and ranges from very low (radio) to very high (gamma rays) energies. Different
wavelengths require a wide range of detection techniques: While radio detection requires ground
based detectors with large area (Eq. ALMA [28], VLA [29]), X-rays and gamma-rays are best
observed in space (e.g. Swift [30], Fermi [31, 32]), to avoid absorption by the atmosphere.
Gamma rays in the TeV range can also be detected indirectly by ground based Cherenkov
telescopes (e.g. H.E.S.S. [33], VERITAS [34] and MAGIC [35]). By combining the information
from different wavelength bands, we get a more complete picture of astrophysical sources. As
most detectors have a narrow field of view, this requires coordination of different experiments
especially for observing transient sources. Observations are therefore often triggered by other
wavelength bands or messengers that provide a wider field of view.
Cosmic rays: Cosmic rays are charged particles, mostly protons and ionised nuclei, that con-
stantly hit our atmosphere. Since their discovery by Viktor Hess [36] in 1912, cosmic rays have
been observed at increasingly high energies. With higher energies, these observations become in-
creasingly complicated due to the steeply falling flux. At the highest energies, extensive detector
arrays are needed to observe the air showers initiated by cosmic rays. Ultra-high-energy cosmic
rays (UHECRs, EUHECR & 109 GeV) are the highest energy particles ever detected, therefore
carrying information on the most extreme astrophysical sources. As charged particles, cosmic
rays are deflected by magnetic fields and lose directional information on their source over small
distances. Diffusion also makes them lose temporal correlation with other messengers that travel
on straight paths. The observations of UHECRs will be discussed in detail in Section 2.2.
Neutrinos: In most sources, the acceleration of high-energy cosmic rays will be accompanied
by a target photon field. At high enough energy, cosmic rays will interact with these photons,
producing secondary neutrinos and gamma rays. Neutrinos interact only through the weak force
and can escape the source. Additionally, cosmic rays can produce neutrinos during extragalactic
propagation by interacting with cosmic photon background. High-energy neutrinos are therefore
a clear signature of hadronic sources. Astrophysical neutrinos are in principle the ideal messen-
ger, since they are electrically neutral and barely interact and are therefore neither deflected nor
absorbed during extragalactic propagation. However, the same properties are also a challenge
to their detection. Most neutrino detectors work by observing the Cherenkov radiation from
charged particles produced by the interaction of a neutrino with matter. At the highest energies,
this requires a large natural volume of transparent medium. The largest astrophysical neutrino
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detector today is the IceCube Observatory, which is located in the Arctic ice [37]. It is the first
detector to have observed a diffuse flux of astrophysical neutrinos [21]. The detection techniques
and main results of the IceCube Observatory will be discussed in detail in Section 2.3.
Gravitational waves: Gravitational waves were first predicted theoretically by Albert Einstein
shortly after he finished his theory of general relativity [38]. According to this theory, massive
objects create a curvature in space-time around them. If these objects are accelerated, they
induce changes in the space-time curvature, which can propagate as gravitational waves. Since
the amplitudes of gravitational waves are normally very small, massive and rapidly accelerating
objects are required to produce an observable signal. Colliding compact objects such as black
holes and neutron stars are a primary source. Other sources are stellar core collapses and pulsars.
The Laser Interferometer Gravitational-wave Observatory (LIGO) detected the first gravita-
tional wave signal in 2015 [39]. Gravitational waves carry unique information on the formation
and evolution of compact objects, while other messengers carry information about acceleration,
composition and interactions in the shocks formed by these objects. Furthermore, merging
black holes produce no radiation other than gravitational waves. The sensitivity of gravitational
wave detectors covers almost the entire sky. By combining the signals detected in detectors
distributed around the world (currently LIGO Hanfort and Livingston [40], and Virgo [41]), the
source locations can be determined with higher precision and trigger follow-up observations.
Each of the astrophysical messengers has unique advantages which, in combination, can reveal
a broader perspective on the physics of their common sources. Revealing these connections
requires effort from both the experiments, which need to coordinate observations as well as the
theory, which need sophisticated models to predict the production of the different messengers.
A lot of effort is put into coordinating multi-messenger observations. This is especially impor-
tant for transient sources. Many instruments that observe photons in different wavelengths have
a small field of view. They therefore need external triggers to point them to targets of interest.
Instruments suited to trigger such follow-up observations need a large field of view, optimally
extending over the whole sky. This makes neutrino and gravitational wave observatories ideal
monitoring devices. Conversely, directional information from other instruments can be used to
look for signals in neutrinos and gravitational waves from specific directions, which would oth-
erwise be below the detection threshold due to background. The gravitational-wave detectors
LIGO [40, 44] and Virgo [41] have a public alert systems, which sends out real time triggers
for follow up observations to over 80 other instruments. Similarly IceCube sends out alerts for
neutrino multiplets and neutrino candidates with a high probability of astrophysical origin [45].
These trigger system have lead to two recent breakthroughs in multi-messenger astronomy.
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Figure 2.1: Multi-messenger observation of GW170817 and GRB17017A. Left: The combined
frequency map of the gravitational wave signal observed the two LIGO detectors is
shown in the bottom panel. The corresponding GRB light curves observed in Fermi-
LAT, Fermi-GBM and INTEGRAL are shown in the top three panels. There is
a delay of 1.7 s between the gravitational wave signal and the GRB. Reprinted from
Abbott et al. [42] under CC BY 3.0 license. Right: Localization of the gravitational
wave (green) and gamma-ray (blue) signals. The precise localization by the combined
data from LIGO and Virgo allowed for follow up observations that identified the host
galaxy NGC 4993. Its location observed in the optical range is shown as an inset.
Reprinted from Abbott et al. [43] under CC BY 3.0 license.
In August 2017 the LIGO collaboration send out an alert for the gravitational wave event
GW170817 [46, 47], 1.7s later the short gamma-ray burst GRB170817A was detected by the
Fermi Gamma-ray Space Telescope and the INTErnational Gamma-ray Astrophysics Labora-
tory (INTEGRAL) [42]. This triggered a wide range of follow-up observations in different wave-
lengths, which eventually identified the host galaxy NGC4493 [43]. Fig. 2.1 shows the observed
gravitational wave signal and GRB light curves, and their localization. Specifically the precise
localization by the gravitational wave compared to the GRB signal allowed for the swift and
extensive follow-up campaign. We will discuss the neutrino production for this event in detail
in Chapter 7. In September 2017, the IceCube collaboration detected a 290 TeV neutrino event
called IceCube-170922 [48], which caused triggers to be sent out. Shortly after, the blazar flare
TXS0506+056 was detected by the Fermi-LAT and MAGIC collaborations in a consistent di-
rection [49]. Using the directional information on the blazar location to constrain backgrounds,
an excess of neutrinos was detected between September 2014 and March 2015 at a significance
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of 3.5 σ [50]. However, there was no notable gamma-ray activity in the same period, making it
hard to reconcile this neutrino excess with theoretical models [51, 52].
These two events were, however, not the first multi-messenger observations. In 1987, a burst
of neutrinos from the supernova SN1987A was detected in the Kamiokande-II [53], IBM [54] and
Baksan [55] neutrino detectors. This was the first observation of neutrinos from a source outside
of our solar system. This lead to the development of the Supernova Early Warning System [56]
consisting of different neutrino detectors, which will send out automatic alerts in the case of a
close-by supernova. Other networks exist for specific source types like the Gamma-ray Burst
Coordinates Network (GCN), that developed from the BATSE coordinates distribution network
(BACODINE) [57]. The Astrophysical Multimessenger Observatory Network (AMON) [58, 59]
is further expanding this idea to include all cosmic messengers. By combining and analyzing the
sub-threshold data from multiple messengers, it can identify source candidates that would not
be identifiable from single messengers.
Observational multi-messenger astronomy aims at identifying point sources or source classes
by finding directional correlation between different messengers. Direct multi-messenger obser-
vations are unlikely to include UHECRs, which lose spatial and temporal correlation with their
sources quickly by magnetic diffusion. However, even without these direct correlations, infor-
mation can be gained by considering the diffuse fluxes of different messengers in concurrence.
Remarkably, the energy budget of the diffuse fluxes of UHECRs, cosmic neutrinos and unre-
solved gamma-rays is on a comparable level. This suggests that they might be produced by a
single dominant source class. Theoretical models based on the UHECR-neutrino connection are
significantly more constrained than ones considering only a single messenger. While a model of
the UHECR flux must not necessarily explain the neutrino flux as well, it should at least not
exceed the observational limits. In this thesis, we focus on the UHECR-neutrino in models of
the diffuse flux. Their observations will therefore be described in more detail in the following
two sections. Their theoretical connections will be discussed in more detail in Section 2.4.
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Figure 2.2: All-particle flux of cosmic rays (black) over the full observed energy range. The con-
tribution of different (element groups) are shown for protons (red), helium (yellow),
the oxygen group (green) and the iron group (blue). The curves and uncertainty
bands are from a Global Spline fit to the data as described in Dembinski et al.
[60]. Data for composition at high energies is not shown for clarity. Reprinted from
Dembinski et al. [61] under CC BY 4.0 license.
2.2 Ultra-high-energy cosmic rays
The spectrum of cosmic rays stretches over several orders of magnitude from 1 GeV to the end of
the observed spectrum at ∼ 1011 GeV, the highest energy particles ever observed. The flux is a
steeply falling power-law with little distinct features. This constitutes a challenge for detection.
At lower energies, cosmic rays can be directly observed by either balloon or satellite based
experiments. These include ACE-CRIS [62, 63], HEAO [64], PAMELA [65, 66], AMS-02 [67–
69], Spacelab-2 [70, 71] and CREAM [72–74]. Above ∼ 105 GeV however, the flux of cosmic
rays decreases to less than one particle per square meter and year making direct observations
unfeasible. Instead, the required exposure is reached by observing extensive air showers initiated
by cosmic rays in the atmosphere. Examples are ARGO-YBJ [75], TUNKA [76], IceTop [77] and
KASCADE-Grande (KG) [78], AGASA [79] and HiRes [80]. Cherenkov telescopes like H.E.S.S.
are also sensitive to cosmic ray air showers [81]. The two largest cosmic ray detectors operating
today are the Telescope Array (TA) [9–11] and Pierre Auger Observatory (Auger) [6–8] observing
up to the highest energies ever detected.
The spectrum of cosmic rays over the full energy range is shown in Fig. 2.2, with the data
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compiled from the measurements of different experiments. It is given as the number of particles
per energy, unit area, time and solid angle. To emphasize the spectral features, the spectrum
is multiplied by E2.6. To model the flux and composition over the whole energy range a global
spline fit was done by Dembinski et al. [60] for four different mass groups, taking into account
the systematic uncertainties of the experiments. The best fit and uncertainties for each mass
group are shown as colored bands.
There are a few distinct features that have been given names after their similarity to a human
leg: At lower energies the flux follows a power-law with a spectral index of E−2.7 up to a
steepening at ∼ 4 · 106 GeV, referred to as the knee. A less pronounced feature occurs as a
second knee at ∼ 108 GeV. Finally, a hardening at ∼ 5 · 109 GeV is called the ankle. The
observed spectrum ends in a sharp cutoff around 5 · 1010 GeV. The uncertainties of composition
measurements increase strongly with higher energy. At lower energies, direct detection methods
can distinguish particles by their charge Z and therefore measure the flux of CRs in terms of
individual elements. Indirect detection methods above 104 GeV can instead only distinguish
roughly between different mass groups. Cosmic rays at energies ∼ 109GeV are typically referred
to as UHECRs. We will focus in their measurements in the following.
2.2.1 Extensive-air-shower detection
The two experiments measuring the spectrum of UHECRs today are the Pierre Auger Observa-
tory (Auger) [7, 8] and the Telescope Array (TA) [11]. The main detectors in both experiments
comprise a surface detector array (SD) and a fluorescence detector (FD). The basic geometry of
the extensive air shower detection in Auger is shown in Fig. 2.3 (left panel). These two detec-
tion principles complement each other: the SD is an array of individual detectors for charged
particles, either scintillation detectors or Cherenkov tanks. It measures the time structure and
lateral distribution of the electrons and muons in the air-showers arriving at ground level. This
leads to a large exposure due to a duty cycle of almost 100%. However, the SD can only observe
a cross section of the shower at ground level. The data analysis therefore relies on models of the
air-shower development to reconstruct properties of the initial particle such as its energy. The
FD operates by observing the longitudinal profile of the fluorescence light produced by interac-
tion of the shower particles with the atmosphere. This light is produced by the de-excitation of
nitrogen atoms that are exited by high-energy photons from the air-shower. The FD can only
operate on clear, moonless nights, severely limiting its duty cycle to ∼ 10%. Its energy mea-
surement is almost calorimetric, as the fluorescence light is proportional to the energy deposited
in the atmosphere by the air shower. This method therefore gives a more accurate estimate of
the initial UHECR energy than that from SD detections.
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Figure 2.3: Depiction of the hybrid air shower detection method. Left: Three dimensional
depiction of an event reconstructed in the Pierre Auger Observatory. The SD array
(grey dots) detects a cross section of the shower at ground level (bold black dots).
The atmosphere above the SD is overlooked by four FD stations that observed the
longitudinal development of the air shower. Reprinted from [6] under CC BY-NC-ND
4.0 license. Right: Schematic illustration of the air shower development. The initial
UHECR initiates a cascade driven by hadronic and electromagnetic interactions. The
atmospheric depth where the particle number reaches its maximum is labelled Xmax
Reprinted from [15] with permission from Elsevir.
By exploiting the subset of ’hybrid’ events, which are observed in both the SD and FD,
the energy scale of the SD can be calibrated to that of the FD. The hybrid detectors therefore
combine the advantages of both techniques. A large data-sample is obtained due to the exposure
of the SD with the model independent energy scale of the FD. Additionally, it provides a handle
on the composition of the primary UHECR. It is usually inferred from the lateral profile of
the shower development, more specifically the atmospheric depth where the shower reaches its
maximum Xmax, see Fig. 2.3 (right panel) for an illustration. This lateral shower profile can only
be observed in the FD. Still, the mass composition can also be inferred from SD measurements
through sensitive variables such as the difference in rise time between individual SD-stations
[82]. These, however, have much higher systematic uncertainties than the FD measurements.
TA is located in Utah and has been operating since March 2008. The SD consists of 507
scintillation detectors, which are arranged over an area of 700 km2. 48 fluorescence detectors
distributed over three stations compose the FD. TA’s predecessor, the High Resolution Fly’s
eye (HiRes) [83, 84] was at the same location, but relied only on the FD technique. Auger,
located in west Argentina, has been taking data since 2004 and was fully completed in 2008.
The SD is composed of 1660 Cherenkov water tanks, each consisting of 12 tons of clear water
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Figure 2.4: Spectrum of UHECRs as measured by the Pierre Auger Observatory [88] and the
Telescope Array [89] respectively. There is a systematic shift of the energy-scale
between the two spectra of about 10% [90]. When correcting for this, the two
spectra are in good agreement, with the exception of an access of events in the TA
spectrum at the cutoff.
monitored by three photomultiplier tubes. They cover an area of about 3000 km2 making Auger
the largest cosmic-ray detector on Earth. The FD consists of four stations each equipped with
six fluorescence detectors.
Both experiments currently have major upgrades planned. For AugerPrime [85] each of the
water Cherenkov tanks will be refurbished and equipped with an additional scintillation detector.
This will improve the separation between electrons and muons to improve mass composition
reconstruction. Additionally a radio antenna array is planned, which will further improve the
shower reconstruction [86]. For the TA×4 upgrade [87], the surface array will be expanded and
and new fluorescence detectors installed. This will increase the area to roughly the same as that
of Auger, allowing for measurements with higher statistics in the Northern Hemisphere.
2.2.2 UHECR spectrum and composition
The spectrum of UHECRs has been measured by both TA and Auger using the hybrid approach.
The ‘combined’ data-sets, i.e. combining SD and FD measurements, of either experiment are
shown in Fig. 2.4. They both show the two features described in Section 2.2: The ankle, a
hardening at ∼ 5·109 GeV, and a cutoff around an energy of ∼ 5·1010 GeV. There is a systematic
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shift between the spectra of the two experiments. Using the ankle, in which both experiments
have high statistics, for calibration, the relative shift in the energy scale can be determined
to ∼ 10% [90]. This shift is fully consistent with the systematic uncertainties reported on the
energy scale by Auger (13%) and TA (20%). Accounting for this shift in energy the ankle-region
is in good agreement. However, there seems to be an access of the TA data over the Auger
spectrum in the cutoff region.
A recent analysis suggests that this is a physical feature rather than a fluctuation. The mea-
surements are in good agreement when comparing only those events observed in declination
bands common between the two experiments [90]. Anisotropy analyses provide further indica-
tions for this. The TA collaboration has been reporting a hotspot in the northern hemisphere
at a declination unobservable by Auger [91]. This hotspot might be the source of the excess at
high energies.
To infer the composition of the primary UHECRs, the most sensitive observable is the at-
mospheric depth of the shower maximum Xmax (measured in g cm−2). This is the depth in
the atmosphere, where the shower deposits most of its energy, as illustrated in Fig. 2.3. Heavy
elements develop showers earlier in the atmosphere than proton showers, leading to smaller
Xmax, while also having smaller shower-to-shower fluctuations in Xmax. This can be understood
qualitatively by viewing the nuclei as a superposition of nucleons ignoring binding energy [92].
In this picture, the number of particles after the initial interaction is proportional to the mass
number A, leading to a scaling of Xmax with ln(A). For a quantitative analysis, hadronic in-
teraction models are needed, which extrapolate from the LHC scale to the energy scale of the
initial interaction. More details on these models will be given in Section 3.3.
As the shower-to-shower fluctuations in Xmax are larger than the resolution of the detectors,
the composition of an UHECR cannot be inferred for a single shower. Instead, the average
composition is inferred from the distribution of Xmax for showers of similar energies. This is
typically presented in terms of the first two moments ⟨Xmax⟩ and σ(Xmax). While ⟨Xmax⟩ is
sensitive to the mean mass, σ(Xmax) depends both on the mean mass and the variance in mass.
The Auger collaboration provides the highest statistics on the composition of UHECRs. Its
measurements are presented in Fig. 2.5 and compared to calculations from different hadronic
models for a range of elements. The average composition is light around the ankle, with proton
or helium like composition, and becomes increasingly heavier with energy. Even though the
inferred mass is model-dependent, the trend is the same for all hadronic models. The data on
σ(Xmax) shows a similar trend, which also indicates relatively pure composition at the different
energies. The Auger collaboration has also analysed the composition using the SD [82]. Due
to the higher duty-cycle this analysis can be extended to higher energies than the FD. These
measurements indicate that the composition is getting lighter again above 40 EeV.
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Figure 2.5: First two moments of Xmax for UHECRs as reported by the Pierre Auger Observatory
[93]. To infer the mass of the primary, the data is compared to different hadronic
interaction models. The ⟨Xmax⟩ indicates a composition that is helium-like at lower
energies and becomes lighter up until the ankle at ∼ 3 · 109 GeV. At higher energies
the composition becomes increasingly heavier again. The same trend is visible in
the σ(Xmax) data. This data set additionally implies that there is relatively little
superposition of masses above the ankle. Plot adapted from Heinze et al. [3]
The TA collaboration has published a similar analysis of their observed Xmax distribution,
which indicates light, helium-like composition up to the highest energies [94]. At first glance,
this seems to be in conflict with the Auger result. However, TA has much lower statistics
and relies on the older hadronic interaction models QGSjetII-03 and QGSjetII-04. A direct
comparison is complicated because TA does not unfold their Xmax measurements in terms of
detector response. By running the composition measured by Auger through the TA analysis
tools, the two collaborations have concluded that the measurements are actually in good statis-
tical agreement [95]. This means that TA simply cannot distinguish an Auger-like composition
from a light composition due to its lower statistics.
Additional information comes from the arrival direction of UHECRs. Directional correlations
to sources are difficult to measure due to magnetic deflections. However, anisotropies can be
observed on larger scales. An anisotropy analysis performed by the Auger collaboration finds
a dipole anisotropy at the highest energies [12]. Auger also analysed correlations with source
catalogues, allowing for magnetic deflections. The most significant correlation is found for
Starburst Galaxies with ∼ 4σ [14]. In this thesis, we do not take into account directional data
and instead analyse only the diffuse spectrum and composition. We will focus on interpreting
the spectrum and composition measurements from Auger, as they provide the higher statistics.
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2.3 Astrophysical neutrinos
The identification of the sources of UHECRs is significantly complicated by them being deflected
in magnetic fields and interacting with photon backgrounds. This limitations can in principle
be overcome by the observation of astrophysical neutrinos. These are dominantly produced as
secondaries from photo-hadronic interactions of charged UHECRs on photon-target fields. At
threshold, these interaction are described by the ∆+-resonance
p + γ → ∆+ →
⎧⎨⎩n + π
+ with 1/3 BR
p + π0 with 2/3 BR
. (2.1)
Neutrinos are produced in the decay chain of π+, while the π0 decays mostly into photons. These
details of these photo-hadronic interactions will be discussed in Chapter 3. As neutrinos interact
only through weak interactions, they escape even dense sources and can travel over cosmological
distances without interacting. Additionally, they are electrically neutral and therefore travel
on a straight trajectory to the observer. Observed neutrinos therefore point directly to their
production site. While UHECRs and gamma rays are limited to the local Universe due to
interactions with extragalactic photon backgrounds, neutrinos can in principle probe as far as
the early Universe.
While these properties make neutrinos an ideal extragalactic messenger, they also make them
very difficult to detect. The main technique to detect neutrinos is observing the Cherenkov
light of a charged particle, which is produced by the weak interaction of a neutrino with matter.
This requires a very large transparent medium. For lower energy detectors such as the Super-
Kamiokande detector [96], enough ultra-clear water can be produced artificially. This allows for
the detector to be placed underground to reduce backgrounds. Higher energy detectors need to
exploit a natural occurrence of transparent medium. The ANTARES detector uses the water of
the Mediterranean Sea [97]. It will be succeeded by the KM3NET, which will consist of the two
sub detectors ARCA and ORCA [98]. Currently, the biggest neutrino detector is IceCube[37],
which instruments a volume of ∼ 1 km3 of transparent Arctic ice. An upgrade called IceCube-
Gen2 is currently being planned [99] which will increase the instrumented volume.
Secondaries from neutrinos in principle also produce air-showers, much like cosmic rays. At
large zenith angles and for Earth-skimming events, the background can be reduced enough to
make air-shower experiments like Auger sensitive to neutrinos around 1 EeV [100]. However, no
neutrinos have been detected by Auger yet. To push the sensitivity to higher energies, future
experiments need to instrument even larger volumes. One promising approach is to use radio
antennas, which are cheap to produce. Both ARA [101] and ARIANNA [102] aim at observing
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Figure 2.6: Left: Schematic depiction of the IceCube Observatory. The detector consists of 86
strings drilled into the ice that hold the individual digital optical modules (DOM).
A detector array at the surface (IceTop) detects cosmic rays and can be used to
veto events. Right: Cherenkov signal produced in the detector by an upgoing muon
track with a reconstructed energy of 2.6 PeV. The energy deposited in each DOM
is represented by the size of the colored dots. The color indicates arrival time from
red (early) to purple (late). Reprinted from Ahlers and Halzen [105] with permission
from Elsevier.
radio signals from neutrino secondaries in the Arctic ice. GRAND [103] aims at using radio
antennas to monitor a large volume of the atmosphere, making it mainly sensitive to very-high-
energy Earth-skimming tau neutrinos. POEMMA aims at observing the same type of event but
using a satellite looking down on the atmosphere [104]. Since they observe extensive air showers,
POEMMA and GRAND will also be sensitive to UHECRs.
2.3.1 The IceCube neutrino observatory
IceCube is a neutrino observatory located at the geographic south pole [45]. It consists of 5000
digital optical modules (DOM) deployed along 86 strings over a km3 of Arctic ice. A schematic
illustration of IceCube is shown in Fig. 2.6. A neutrino is detected when it interacts inside the ice
and produces a charged lepton. The lepton will carry most of the energy of the primary neutrino
and produce Cherenkov radiation inside the transparent ice. An overview of the reconstruction
methods in IceCube is given in Aartsen et al. [106]. A recent review of the results and their
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interpretation can be found in Ahlers and Halzen [105].
The signals observed by IceCube can be categorized into two main topologies, showers and
tracks. A reconstructed muon track is shown Fig. 2.6 (right panel). A track occurs when the
neutrino produces a muon. Due to its mass, the muon can travel several kilometers inside the
ice, depositing some of its energy along the way. Tracks provide a good angular resolution down
to 1 degree. However, they deposit only a fraction of their energy inside the detector, making
energy reconstruction challenging. Showers are produced by electron or tau leptons. Electrons
lose their energy quickly in interactions due to their small mass, while tau leptons decay almost
immediately. Both cases produce a spherically shaped electromagnetic cascade inside the ice,
which is detected by the DOMs. If the whole event is contained inside the detector, its energy
can be reconstructed with a resolution of up to 15%. However, the spherical shape provides a
weak angular reconstruction of at most 10 degrees. A special topology is the so-called double-
cascade, two cascades connected by a track. This signal is expected if a tau travels enough
distance before decaying to be resolved by the detector. Neutrino oscillations necessitate some
abundance of tau neutrinos and therefore double cascade events are expected. In fact, two
candidates for double cascade events have recently been identified [107].
2.3.2 The diffuse flux of astrophysical neutrinos
The large expected background from atmospheric muons provides a strong challenge to the de-
tection of neutrinos. In order to establish the detection of an astrophysical flux, this background
has to be reduced significantly. It is overcome by different techniques. A surface detector, called
IceTop, measures the flux of cosmic rays at the surface of the ice [106]. Its primary intent,
however, is to veto atmospheric muons for the main detector. Additionally, cuts can limit the
background significantly by restricting to events that start inside the detector (high energy start-
ing events, HESE) or muon tracks from the Northern Hemisphere (through going muons, TGM).
The fluxes from the two samples are shown in Fig. 2.7 (left panel).
The first evidence for cosmic neutrinos was established by the HESE analysis [21, 22]. It
separates the detector into an outer veto layer and an inner signal region. By considering only
events that start inside the inner detector, the expected atmospheric background is reduced to a
few events per year. For the 6 year sample 82 HESE events have been observed. An atmospheric
origin of the observed flux can be rejected at 8σ. A single-power-law fit to the events yields
a spectral index of 2.92+0.29−0.33 [109]. The TGM analysis reduces the atmospheric background by
restricting the direction to those in which atmospheric neutrinos are mostly absorbed in the
Earth. At energies above 100 TeV, the observed flux of TGM events shows an excess over the
expected atmospheric background. Even with large uncertainties in the extrapolation of the
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Figure 2.7: Diffuse flux and arrival directions of astrophysical neutrinos. Left: The flux of
astrophysical neutrinos as measured by IceCube in different samples: High energy
starting events (HESE, magenta) [108] and through-going muons (TGM, red) [109].
Both fluxes are shown as their power-law best fit with 1σ uncertainties. The steep
atmospheric backgrounds are shown in grey and black. Right: Arrival direction of
events with energies above 200 TeV (TGM, ⊙) and 100 TeV (HESE, ⊗ and ⊕). For
HESE-cascades the median angular resolution is shown as thin circles. The dashed
line indicates the horizon and the star (⋆) the Galactic center. The blue shading
indicates the area where absorption inside the Earth becomes important for 100 TeV
neutrinos. The energies of the four highest-energy events of each sample are shown
as numbers. Reprinted from Ahlers and Halzen [105] with permission from Elsevier.
atmospheric background, an astrophysical flux was established with a significance of 6.7σ. In 8
years, 36 such TGM events have been observed at energies above 100 TeV. The corresponding
flux is consistent with a spectral index of 2.19 ± 0.10 [108, 110].
Though the spectral index of the HESE flux is softer than the flux of the TGM analysis,
they are still consistent above 200 TeV within 2σ [109]. However, the HESE flux at energies
below 100 TeV shows an excess over the TGM flux extrapolated to these energies. This excess
is difficult to explain by atmospheric background due to the strong background veto of the
HESE sample. Considering instead a two-component power-law fit for the HESE flux yields one
component with γ = 3.7 at low energies and one above 200 TeV with γ = 2.3, where the high
energy component is consistent with the TGM results [109]. This might point towards multiple
components in the astrophysical neutrino flux [111].
The arrival direction of the eight-year TGM and six-year HESE samples are shown in Fig. 2.7.
The angular resolution of each event is indicated by a circle. TGM events appear clustered
around the horizon. At lower angles, they are increasingly absorbed while propagating through
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the Earth, while at higher angles the background veto is not efficient enough. The HESE
sample is similarly affected by absorption in the Earth. When accounting for these effects, the
distribution of events is consistent with an isotropic distribution, which indicates an extragalactic
origin. However, no correlation to a specific source class has reached a significant level yet
[109, 112]. This absence of correlations leads to stacking limits on the neutrino flux from different
source types, e.g. gamma-ray bursts (GRB) [25, 113] and active galactic nuclei (AGN) [23]. The
shape of the observed flux is also inconsistent with cosmogenic neutrinos, which would peak at
even higher energies [26].
2.4 Origin of UHECRs and neutrino constraints
In this section, we give a brief overview of the main astrophysical models that explain the
UHECR-spectrum and their constraints imposed by the observed astrophysical neutrinos. For
more detailed reviews see e.g. Refs. [15, 105, 114].
The fact that the spectrum of cosmic rays is relatively featureless over many orders of magni-
tude implies that it is dominated by a small number of source classes. The prominent features
are then attributed to the transition between different components. The power-law implies that
the acceleration mechanism at the sources is likely non-thermal. Cosmic-ray hadrons will inter-
act with the photon fields when accelerated at the sources, producing secondary pions, which
decay producing neutrinos and gamma rays. At threshold, neutral π0 and charged pions π+ are
produced through the ∆+-resonance, Eq. (2.1), at a fixed radio of π0/π+ = 2, the energy going
into either particle species is therefore roughly the same. In fact, the energy budgets of the
UHECR-flux, cosmic neutrinos and gamma rays are on a similar level. It is therefore natural
to assume that these particle come from the same sources. Multi-messenger models use this
connection to constrain possible source models.
The most common models of cosmic rays up to the knee (∼ 3 · 106 GeV) explain the observed
flux by acceleration at supernova remnants (SNR) in our Galaxy [115]. The softening of the
spectrum is then due to the sources reaching their maximal acceleration energy, which is deter-
mined by their magnetic confinement in the source. Alternatively, the knee can be explained
by the propagation of cosmic rays in the galaxy [116]. At PeV scale energies, confinement in
galactic magnetic fields becomes inefficient. The leakage of cosmic rays from the galaxy can then
explain the steepening. This model, however, requires galactic sources that are able to acceler-
ate particles to energies well above the knee energies. In both cases the knee energy will scale
with the particle charge. Nuclei would be more efficiently confined due to their larger charge
Z, with the maximal energy scaling proportional to Z. Iron cosmic rays then reach energies 26
times higher, which coincides with the second knee (∼ 108 GeV). This also supported by the
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composition measurements which show a transition from light to heavy between the first and
second knee.
The origin of cosmic rays above the second knee is less clear. It is generally assumed that cos-
mic rays above the ankle (& 5·109 GeV) have an extragalactic origin. There are no known sources
in our Galaxy that would be capable of reaching such high energies. Secondly, it is difficult to
reconcile the observed isotropy of UHECRs with a galactic origin. The flux is more naturally ex-
plained by luminous and abundant extragalactic sources. AGN [117–120] and GRBs [121–124]
have been considered as such sources. Starburst galaxies (SBG) [125–127] are also luminous
enough to sustain the flux of UHECRs.
A smoking gun would be a correlation with the astrophysical neutrinos observed by IceCube,
which has, however, not yet been observed. IceCube therefore provides stacking limits for the
neutrino flux from luminous sources such as AGN and GRB, which constrains their contribution
to the UHECR flux [25, 110]. Due to the high radiation densities in high-luminosity sources,
they are expected to produce many neutrinos. Additionally, the interactions with photon fields
limit the acceleration of UHECRs. Therefore, less luminous and more abundant source classes
have gotten attention in the more recent literature. Since these source are partly below the
detection limit in gamma rays, they are less constrained by neutrino data. Such candidates are
tidal disruption events (TDE) [128–131] and low luminosity GRBs (LL-GRB) [132–134]. These
sources are most abundant in the local Universe. Therefore they should show stronger clustering
in neutrinos, meaning they can in principle be constrained by neutrino multiplet observations
[135].
While both a galactic as well as an extragalactic component in the cosmic-ray spectrum are
established, the exact transition is still unclear. Before the Auger composition measurements,
the observation of ankle and cutoff were seen as evidence for UHECR protons. A cutoff at
6 · 1010 GeV was predicted theoretically from interactions of protons on the Cosmic Microwave
Background (CMB) by Greisen [136], Zatsepin and Kuzmin [137], about 50 years before its
first detection [80]. This effect is referred to as the GZK-cutoff. Additionally, energy losses
from photo-pair-production peak for protons at energies coinciding with the ankle. This pure
proton model is referred to as the dip-model [138–141]. It is now strongly disfavoured by the
Auger Xmax measurements, which indicate an increasingly heavy composition above the ankle.
Reconciling the observed Xmax with a proton dominated composition would require significant
modifications to the current hadronic interaction models [142]. Even then, the dip-model is still
strongly challenged by the non-observation of cosmogenic neutrinos and gamma rays [5, 143, 144].
For UHECR nuclei, the spectrum and composition between the ankle and cutoff can be
explained by a transition from light to heavy nuclei similar to the transition between the two
knees. The general properties of such a component are often studied in models assuming identical
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and isotropic sources, which follow a power-law spectrum with a rigidity dependent cutoff [123,
145–149]. As these ‘generic’ sources are not associated with a specific cosmological source
evolution, it is typically treated as an additional free parameter. A typical choice is (1 + z)m,
where m can be both positive and negative. This choice covers most known source evolutions
up to z = 1, which is the maximal redshift from which UHECRs reach us due to energy losses.
UHECR nuclei are much less efficient at producing cosmogenic neutrinos than protons, as the
production efficiency depends mainly on the energy per nucleon [150–155]. Most UHECR nuclei
models are therefore unconstrained by the limits on cosmogenic neutrinos. Also, cosmogenic
neutrinos do not interact during extragalactic propagation, and therefore their predicted flux
is affected by the choice of source evolution at higher redshift [5, 27, 150–153, 156–159]. A
subdominant proton component that would not significantly affect the Auger measurements,
could still significantly contribute to the cosmogenic neutrinos flux [154, 155, 159]. One of the
goals in the development of future radio detectors for neutrinos is to aim to detect cosmogenic
neutrinos from nuclei, which requires large sensitivities at high energies [102, 103, 159].
Fits to the spectrum and composition in propagation models show a preference for hard
spectra and local sources [147, 148, 160], as the Auger σ (Xmax) shows little superposition of
masses. When considering magnetic fields, the spectra can be softer, as lower energy cosmic rays
are trapped in these fields and experience a magnetic horizon [149, 161]. In these models, the
ankle has to be explained by the transition to an additional, galactic component with heavier
composition. In more realistic source-propagation models, the transition across the ankle can be
partly explained by disintegration inside the sources [123, 134, 159, 162–165]. If the source model
can effectively trap lower-energy UHECRs magnetically, it acts as a high-pass filter, producing
the required hard spectra. Disintegration of UHECR on the photon fields then leads to a second
component of light cosmic rays with a softer spectral index, which can partially account for the
ankle. Still, an additional galactic component is usually needed to get a good fit to the observed
spectrum and composition below the ankle.
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Acceleration, interactions and propagation of UHECRs
UHECRs are expected to be accelerated in astrophysical sources from where they have to prop-
agate through extragalactic space before they can be detected by the air showers they initiate in
the Earth’s atmosphere. The sources of UHECRs and the exact acceleration mechanisms have
not yet been uniquely identified. Depending on the assumed source class, different processes can
lead to the observed non-thermal spectrum. Additionally, the acceleration mechanism competes
with energy losses due to interactions with target photon fields or matter, that also produce
secondary particles such as neutrinos and gamma rays. During extragalactic propagation, UHE-
CRs interact with cosmic photon backgrounds and are deflected in magnetic fields. Lastly, the
air shower development is driven by hadronic interactions with air atoms. In all of these envi-
ronments, there are model uncertainties due to incomplete knowledge of the interaction cross
sections and target particle fields.
The main observations related to UHECRs and astrophysical neutrinos are described in Chap-
ter 2. This chapter gives an overview of the model assumptions that enter in each of the three
parts. There is a wide range of possible UHECR source candidates with different source physics
that cannot be covered in this introduction. We focus on giving an overview of the basic accel-
eration mechanisms and general constraints in Section 3.1. The overview of extragalactic prop-
agation in Section 3.2 is more comprehensive. We introduce all the relevant physical processes
that are needed for the implementation in the PriNCe code, which is described in Chapter 4.
For the air-shower development, we give an overview in Section 3.3 of how the different hadronic
models change the inferred mass composition.
3.1 Acceleration and possible source candidates
The exact mechanism through which UHECRs are accelerated to their extremely high energies
is still unknown. The observed power-law spectrum indicates that the acceleration happens
through some form of magneto-hydrodynamic process. The exact details depend strongly on the
physical environment at the source. There are two main types of processes currently considered:
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stochastic and direct acceleration. For a detailed review of these processes and possible source
classes see e.g. Anchordoqui [15]. This section summarises only the main ideas.
The basic principle behind stochastic acceleration is that particles gain energy gradually by
scattering off magnetised plasmas or gas clouds. This idea was initially developed by Enrico
Fermi [166, 167] and is therefore usually also referred to as ‘Fermi acceleration’. In his initial
publication, Fermi considered scattering of charged particles in between magnetised gas clouds,
leading to an average energy gain of ⟨∆E/E⟩ ∝ β2cl (2nd order Fermi acceleration), where
βcl is the average cloud speed. This process is however inefficient since β2cl ≪ 1. Therefore,
diffusive shock acceleration (or 1st order Fermi acceleration) is more commonly considered for
the acceleration of UHECRs. It takes place at collisionless plasma shocks. These shocks are
formed by plasma discontinuities that travel at supersonic speeds. The shock separates the
plasma into two parts: the upstream region ahead of the shock and the shocked downstream
region. Particles on either side of the shock will diffuse in magnetic turbulences until they are
either deflected across the shock front or escape from the shock region. The plasma flow is
converging towards the shock in the respective rest frame on either side. Therefore, particles
that are deflected across the shock front always gain energy in head-on collisions resulting in
a first order energy ⟨∆E/E⟩ ∝ βsh. An unsolved problem is that diffusive shock acceleration
requires a pre-accelerated component. Only particles with non-thermal energies decouple from
the plasma and can cross the shock front to enter the acceleration-cycle [168].
Both types of stochastic acceleration naturally produce power-law spectra as the energy gain
per step ξ = ⟨∆E/E⟩ competes with a chance to escape the acceleration region Pesc [169, chap
3.2]. After n scattering steps, a particle will have an energy of En = E0(1 + ξ)n, conversely the
number of encounters to reach an energy of En is n = ln(En/E0)/ ln(1 + ξ). The chance that a
particle encounters n collision before escaping is Pn = (1 − Pesc)n. This results in a power-law
N(≥ En) = N0
∞∑︂
m=n










with a spectral index 1−γ = ln(1−Pesc)/ ln(1+ξ) ≃ −Pesc/ξ and the spectrum dN/dE ∝ E−γ .
For non-relativistic shocks, this ratio depends only on the compression ratio of the plasma,
which gives γ = 2 for a mono-atomic gas [15, 170]. Relativistic shocks lead to a high energy gain
∆E/E of order unity. However due to relativistic beaming, only a fraction of particles escapes
upstream within a cone of angle θ ≈ 1/Γsh making the acceleration less efficient. Numerical
simulations for this case find slightly softer spectral indices γ ≈ 2.2 − 2.3 [171].
This is, however, only the spectrum that is accelerated inside the source. Depending on the
mechanism by which particles escape from the source, it can be significantly modified: Diffusive
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or direct escape harden the spectrum by up to one power [172], while advective escape can act
as a low-pass filter suppressing the high-energy emission [117]. More detailed simulations have
found bell-shaped escape spectra, where only the most energetic particles escape [122, 173].
Fermi acceleration can be used to explain UHECR acceleration in a wide range of different
source environments, including supernovae remnants (SNR) [174, 175], jets of AGNs [119, 176]
and GRBs [177–179], starburst galaxies [127] and galaxy clusters [180, 181]. To account for
the observed composition of UHECRs, the source environment needs to be enriched in heav-
ier elements. For AGNs, so-called ‘espresso’ acceleration has been proposed, in which a seed
component with Galactic composition enters the jet from the side and is then accelerated to
ultra-high-energies [119]. For long GRBs, heavier nuclei from the surrounding stellar medium
can be accelerated together with the jet [179].
The main alternative mechanism is direct acceleration, in which cosmic ray particle are accel-
erated in a strong, extended magnetic field. This idea goes back to Swann [182], who proposed
it for stellar magnetic fields in sunspots. For most sources, such electric fields in astrophysical
plasmas are not stable, since they are quickly neutralised by electric currents. However, the rapid
rotation of highly magnetised compact objects can create a strong electric field through unipo-
lar induction. Pulsars (rotating neutron stars) can produce strong enough fields for UHECR
acceleration [126, 183, 184]. The maximal energy of the accelerated cosmic rays depends on
the rotational speed of the pulsar. When it spins down, the maximal energy decreases resulting
in a hard power-law spectrum dN/dE ∝ E−1 [183]. Neutron stars are good candidates for
explaining the UHECR composition, since their surface is rich in iron. If pure iron is initially
extracted from the surface, it will partly disintegrate during acceleration which can produce a
mixed composition compatible with the observed UHECR composition [185].
Independent of the exact acceleration mechanism, the maximal cosmic-ray energy is limited
by requiring that the particle must be contained inside the acceleration region. This is expressed
in the so-called ‘Hillas criterion’ [186], for relativistic shocks it reads [171]:
Emax ≤ ZeBβshΓshR , (3.2)
where Ze is the particle charge, B the magnetic field strength in the acceleration region, R the
(comoving) radial size of the accelerator, and βsh and Γsh the shock speed and Lorentz factor.
This criterion is typically visualized in a so-called ‘Hillas plot’, which is shown in Fig. 3.1. The
plot shows the parameter space in R and B for different selected source candidates. For heavier
nuclei, the Hillas criterion is slightly less constraining as they are more efficiently accelerated due
to their charge Z. The minimal requirement for the product of B · R to reach Emax = 1020 eV
is shown as diagonal for protons (red) and iron nuclei (blue) for different shock speeds βsh.
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Figure 3.1: Hillas plot: The different source classes are shown as a function of their characteristic
size Γsh · R and magnetic field B, where the values of B are given in the comoving
frame. The solid and dashed lines show the limit on the product Γsh · R · B above
which protons (red) or iron (blue) can be confined inside the source depending on
βsh, see Eq. (3.2). Reprinted from Alves Batista et al. [16] under CC BY 4.0 license.
However, the Hillas criterion is only a necessary condition for the acceleration of UHECRs.
Possible source candidates can additionally be constrained by the following criteria [187]:
Luminosity: The sources should be luminous enough to provide the energy for the acceleration
mechanism. In most sources UHECR acceleration is accompanied by the emission of
gamma-rays. The UHECR luminosity is usually assumed to be proportional to the gamma-
ray luminosity, where their ratio is called baryonic loading.
Emissivity: The total number density of sources and their (effective) UHECR luminosity need
to be high enough to sustain the observed UHECR flux. The required local injection rate
can be estimated as ∼ 1044 erg Mpc yr−1 [188].
Radiation and interaction losses: Particles can lose energy both by radiation processes in the
accelerating field (synchrotron) and due to interactions (photo-hadronic etc.). These pro-
cesses limit the obtainable maximal energy, if their loss rates exceed the acceleration rate
t−1acc = ηc/RL (with the Larmor radius RL = E/ZeB and acceleration efficiency η ≤ 1).
Secondary radiation: Interactions inside the source will produce secondaries depending on the
radiation densities. These secondaries, like neutrinos and photons, should not exceed the
limits from observations, both for a single observed source and for the diffuse fluxes.
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Radiation and interaction losses depend both on the radiation density in the source and the
shape of the target photon spectra. These can be very different for different source types. For
example GRB photon spectra can typically be described by a simple broken power law, while
AGN photon spectra have more complicated shapes. The energy losses, disintegration and
secondary particle production therefore have to be discussed for each source type independently,
see e.g. Rodrigues et al. [118] for AGN and Biehl et al. [124] for GRBs. Details on the GRB
specific physics are discussed in the context of multi-collision models in Chapter 6. Most of the
relevant radiation processes also take place during extragalactic propagation, even though the
photon fields have much lower energies than those inside sources. We will therefore discuss these
interactions in the UHECR propagation context in Section 3.2.
If the energy losses play a subdominant then the acceleration is only limited by the Hillas
criterion. This results in a so-called ‘Peter’s cycle’ [189], where nuclei are accelerated to energies
Z times higher than protons. This is specifically the case for sources with low luminosities.
This case naturally fits the trend in the composition observed by Auger, which gets increasingly
heavy with energies above the ankle. It is therefore commonly used as a generalised model of
the source spectrum for UHECR propagation [27, 148, 151].
3.2 Propagation of UHECRs
3.2.1 Extragalactic photon fields
During extragalactic propagation, UHECRs lose energy by interacting with extragalactic back-
ground photons. The relevant backgrounds are the Cosmic Microwave Background (CMB) and
the Extragalactic Background Light (EBL). All diffuse radiation from star forming processes is
summarized as the EBL. As most of the EBL falls into the infrared range, the term Cosmic
Infrared Background (CIB) is sometimes used synonymously. For a recent review of the mea-
surements of the photon backgrounds in different wavelengths, see [190]. The redshift scaling of
the EBL and CMB is displayed in Fig. 3.2.
The CMB was first discovered by Penzias and Wilson [191] in 1964. Today the CMB is
explained by standard cosmology as radiation from the time of recombination, constituting one
of the main evidences for the Big Bang theory. The CMB is an almost perfect black body
spectrum with a current day temperature of T0 = 2.726 K, which corresponds to an average
photon energy of 6.34 ·10−4 eV [192]. It does not receive additional injection and therefore scales
only adiabatically. Its redshift dependence is described by simply scaling the temperature as
T = (1 + z) T0. Due to its high number density (400 photons per cm3), the CMB is the main
target for UHECR interactions.
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Figure 3.2: Extragalactic photon backgrounds at redshifts between 0 and 2. The Cosmic Mi-
crowave Background (CMB, purple) is shown together with the Extragalactic Back-
ground Light (EBL, red) at redshifts 0 (solid), 1 (dashed) and 2 (dotted). The
CMB originates from the epoch of recombination and therefore scales purely adia-
batically. The EBL receives constant injection from sources and therefore scales less
strongly with redshift. The scaling with redshift directly impacts the scaling of the
interactions rates in Fig. 3.3.
The EBL consists of the cumulative, redshifted radiation from stars and galaxies. Its number
density is about 200 times smaller than that of the CMB. However, UHECR interactions with
the EBL produce secondaries at lower energies. The EBL therefore has a significant impact on
the spectral shape of cosmogenic neutrinos. The EBL has two peaks: The direct contribution
of starlight peaks around 1 eV, while a significant fraction is absorbed by interstellar dust and
remitted in thermal radiation, producing a second peak around 10−2 eV. The EBL receives
constant injection following the star formation rate and therefore has a non-trivial redshift
evolution. Direct measurements are complicated due to the large backgrounds from local sources.
Models rely on different techniques to infer the EBL redshift evolution: Semi-analytical models
estimate the EBL by forward evolution from models of the formation of stars and galaxies [193–
195] or by using estimates of the local EBL from measurements together with backward evolution
models [196, 197]. Empirical models rely on estimating the gamma-ray opacity of the Universe
due to the EBL from the spectra of source catalogues [198, 199]. The model by Gilmore et al.
[194] is shown in Fig. 3.2 to illustrate the non-linear redshift dependence.
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3.2.2 Interactions of UHECRs in extragalactic space
The extragalactic photon environments are homogenous and isotropic on large scales. The
same assumption can be made about the distribution of many classes of astrophysical sources.
Under this assumption, UHECR propagation can be expressed as a one-dimensional differential
equation in energy. The injection from sources is expressed by a single energy- and time-
dependent injection function that can either be the output of a source model or a generic
analytic form. The arising coupled differential equation system then reads for the homogenous
and isotropic particle density n = ∂N∂E∂V






− Γini(E, t) +
∑︂
j
Qj→i(nj(E, t)) + Ji(E, t) . (3.3)
The index i denotes a single species, making this a coupled differential equation system. The
first term denotes continuous energy losses with an energy loss rate dEdt . The second and third
terms denote interaction (Γi) and subsequent reinjection Qj→i at a different energy. Reinjected
particles can be either of the same or a different species, many channels produce multiple sec-
ondary species. Channels that reinject the same species with slightly changed energy can be
approximated by a continuous energy loss term, as we will discuss at the example of photo-pair
production. Lastly Ji denotes the external injection of particles. See Appendix A.1 for details
on the individual terms of Eq. (3.3).
To account for magnetic diffusion, additional terms would have to be introduced of the form
div(D(E, x, t)∇n(E, x, t)) with a diffusion coefficient D. This makes the differential equation
system significantly more complicated to solve, as it introduces (at least) one spatial dimension
x. At lower energies, magnetic diffusion increases the time of propagation significantly, which
can become larger than the age of the Universe. This leads to an effective magnetic horizon for
UHECRs with energies below ∼ 1018 eV, i.e. below the ankle [161, 200]. Magnetic diffusion is
negligible if the diffusion length is larger than the separation between neighboring sources. This
can be assumed to a good approximation above the ankle [201]. Within this thesis, we therefore
neglect the effect of magnetic diffusion.
For a photon field nγ , the general form of the interaction rate on a target photon field is given







2 (1 − cos θ)nγ(ε, cos θ) σi(εr) , (3.4)
where the interaction cross section is typically known in terms of the photon energy in the par-
ticle rest frame εr = (Eiε)/mi. The reinjection rate has an analogous form, with the differential
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Figure 3.3: Energy loss length in Mpc for protons, helium, nitrogen and iron as a function of
energy. Energy loss length are given for adiabatic cooling (see Section 3.2.3), photo-
pair-production (see Section 3.2.4), photo-pion-production (see Section 3.2.5) and
photo-disintegration (see Section 3.2.4). The rates at local redshift are given by
solid lines, with the individual contributions from CMB (dashed) and EBL (dotted)
marked individually. The scaling up to redshift 2 is indicated by the shaded region.
The redshift scaling of these interaction rates is due to the scaling of the photon
fields, which is displayed in Fig. 3.2.
cross section dσj→i/dEi. The relevant interactions for extragalactic propagation of UHECRs
are photo-pair-production, photo-pion-production and photo-disintegration. Furthermore, all
relativistic particles are subject to adiabatic cooling due to the cosmological expansion of the
Universe. The energy loss lengths for these processes are displayed in Fig. 3.3. All of these
processes will be explained in more detail in the following. The processes that dominate at dif-
ferent energy ranges are however already visible in Fig. 3.3. The highest energies are dominated
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by photo-pion-production (for protons) or photo-disintegration (for nuclei). Pair-production is
only relevant for protons, for nuclei it is overshadowed by disintegration. Adiabatic cooling has
the same small loss length independent of energy and therefore becomes relevant only below the
threshold of the other processes.
Note that source models often assume a single isotropic radiation zone. The arising differential
equation system then has essentially the same form as Eq. (3.3), with a few added processes
such as e.g. particle escape and synchrotron radiation.
3.2.3 Cosmological expansion of the Universe
As UHECRs are highly relativistic particles and travel over cosmological distances, they are
affected by the cosmological expansion of the Universe. This expansion is typically expressed by
the scale factor a or redshift z, which are related by a = (1 + z)−1. a scales the proper distance
between two points in spacetime as a function of redshift. The redshift evolution of a is given
by the Hubble parameter H = ȧ/a:
H(z) = H0
√︂
Ωm(1 + z)3 + ΩΛ , (3.5)
with the Hubble parameter H0 = 67.8 km s−1 Mpc−1, the pressureless matter density Ωm =
0.308 ± 0.012 and dark energy density ΩΛ = 0.692 ± 0.012 [192]. Due to this expansion, all
relativistic particles emitted at redshift z are observed with an energy E, which is redshifted
compared to their initial energy E(z) = E0(1 + z). The local rate of this ‘adiabatic’ energy loss
can be expressed as:
dE
dt
(z) = −EH(z) (3.6)
This energy loss is relatively small, however it still becomes relevant for cosmic rays at energies
below 2 EeV, where interactions with the photon-backgrounds are negligible. At high energies,
the cosmological expansion still plays an indirect role as the number of particles per proper
volume decreases as (1+z)−3. This is typically accounted for by expressing Eq. (3.3) in comoving
densities (Y = a3 · n). As the photon-backgrounds are also subject to this evolution, they were
more dense and had higher energies in the past. This both shifts the thresholds for interactions
to lower energies and increases their amplitude as indicated by the grey shading in Fig. 3.3.
3.2.4 Photo-pair production
The interaction with the lowest energy threshold for UHECR protons is the creation of an
electron-positron pair in the interaction with background photons (Beithe-Heitler process [202]):
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N + γ → N + e+ + e−. (3.7)
This process has a threshold of εr = 2mec2, which corresponds to a UHECR proton energy
of 1.6 · 109 GeV for CMB photons. Additionally, it has the highest cross section out of all
relevant interactions in extragalactic propagation. However, the energy loss per interaction is
very small with ∼ 1% per interaction. The energy loss rate is therefore comparably small and
pair-production is only relevant below the threshold of photo-hadronic processes. Due to the
small energy loss per interaction, pair production losses are typically treated by a continuous















with the fine-structure constant α and the classical electron radius r0. The dimensionless
function Φ(ξ) contains the angular averaged cross section and inelasticity. For nuclei this scales
as Z2/A, as the cross section increases with Z2, while the inelasticity scales as A−1. However,
also the threshold increases proportional to A (appearing in the above formula implicitly in the
Lorentz factor Γ). Effectively, this threshold scaling makes pair production less relevant in the
context of nuclei, their interactions are instead dominated by disintegration.
For protons, the energy loss rate peaks around energies of 5·109 GeV−1·1010 GeV depending on
redshift as seen in the upper left panel of Fig. 3.3. This could in principle cause the ankle in the
observed UHECR spectrum, if it was dominated by protons [138–141]. Still several arguments
have since disfavoured this so-called dip-model, such as the heavier composition observed by
Auger [93] and the very high cosmogenic neutrino and gamma-ray fluxes expected in this case [5,
143, 144].
3.2.5 Photo-nuclear interactions
There are multiple photo-nuclear processes that all lead to the disintegration of the nucleus into
two or more fragments; an example is α-emission:
A
ZN + γ → AZN∗ → A−4Z−2N +
4He (3.9)
The lowest photo-disintegration energies are dominated by the ‘giant dipole resonance’ (GDR).
In the GDR range (εr = 8 − 40 MeV) the photon interacts with the bulk nucleus, which leads
to a collective resonant excitation. The subsequent de-excitation leads to the ejection of one
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Figure 3.4: Cross section per nucleon by energy regimes for different nuclei (from the Peanut
model [204, 205]). In the disintegration regime at lower energies, the interaction is
dominated by the Giant Dipole Resonance (GDR). The peak of the GDR shifts to
lower energies for higher nucleus mass. Above 1.5 · 10−1 GeV the pion production
regime sets in, which is dominated by baryonic resonances. The cross section in this
regime scales directly with the number of nucleons. However, for protons the cross
section in this regime is significantly more peaked than for other nuclei, for which it
smears out due to Fermi motion of the particles inside the nucleus.
or two nucleons. The GDR peak scales to lower energy for heavier nuclei. At higher energy,
‘quasi-deuteron’-processes (QD) take over, in which the photon initially interacts with a pair of
nucleons. This is followed by the emission of nucleons or light nuclei. Above energies of 150 GeV,
baryonic resonances dominate, which can produce one or - at higher energies - multiple mesons.
In the context of UHECR interactions, the first two processes are typically summarized as ‘photo-
disintegration’, while the last is treated separately as ‘photo-meson production’. Though, this
splitting is somewhat artificial, since photo-meson production also disintegrates the nucleus.
The cross section for different elements in these regimes is shown in Fig. 3.4.
Photo-disintegration
There are several cross section measurements for the photo-disintegration of different nuclei; the
most complete database is EXFOR [206]. The data, however, is sparse and mainly available for
stable nuclei. Additionally, there are no measurements for different isobars, i.e. two or more
elements with the same number of nucleons. This constitutes significant uncertainty in the
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Figure 3.5: Disintegration chains for the disintegration models PSB [207], Talys [208] Peanut
[204, 205]. Each isotope is indicated by a square, for unstable nuclei the shading is
indicative of there lifetime. For each isotope the main emission channel is shown by
an arrow. This channel is defined by the element (excluding hydrogen) emitted with
the highest multiplicity around the GDR (εr ≥ 40 MeV).
astrophysical context, where the chain of disintegration produces a mix of all nuclei including
unstable ones. In astrophysical environments, interactions of unstable nuclei become important
due to their relativistically dilated lifetime. This is mainly relevant in source environments,
while during propagation the time scales are large enough that they mostly decay. The current
state of the cross section measurements has been discussed in detail in Boncioli et al. [18].
Due to the insufficient data, a full simulation of the nuclear cascade has to rely on nuclear
models for the cross sections of all stable and unstable nuclei. Available models include the
Puget-Stecker-Bredekamp model (PSB) [207], Talys [208], and Peanut [204, 205], which is
part of the FLUKA code. The Talys model can only be applied to particles with mass number
A ≥ 12. It therefore needs to be complemented by other models for lighter elements. Cross
sections for light elements were compiled from different sources for the CRPropa code [209].
The different disintegration models result in qualitative and quantitative differences in the dis-
integration chain, which is illustrated in Fig. 3.5. Boncioli et al. [18] discussed the comparison
of these models to data in detail as well as their impact on astrophysical source simulations.
PSB is an empirical model. It choses a single isotope per mass number and simple param-
eterizations of the cross sections empirically estimated from data. The unique disintegration
chain is populated by subsequent emission of nucleons. Both Talys and Peanut are more
sophisticated statistical models. They provide cross sections for unstable isotopes and include
disintegration channels into heavier fragments (D, T, 3He, 4He). Compared to PSB this leads
to a faster disintegration into light elements, altering the interpretation of the final observed
composition. The disintegration chains between Talys and Peanut are qualitatively similar.
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There are however quantitative differences in the cross sections depending on the detail of the
models and the level of optimization to data. For example Talys treats the total absorption
cross section for different isobars the same, while Peanut shows significant differences. Overall,
Peanut seems to be better optimized to data [18]. In some channels, Talys shows significant
deviation from data; unofficial tables are available to correct for this [210]. PSB follows a sim-
ple chain, emitting only a single nucleon per interaction. The production of helium is therefore
limited in this model. In contrast, Talys and Peanut are more efficient in helium emission.
Photo-meson production
Above a threshold photon energy of 140 MeV in the CR rest frame, photo-hadronic interactions
can excite baryonic resonances in individual nucleons, which results in the production of mesons.
At threshold, pion-production is approximated by the ∆+-resonance:
p + γ → ∆+ →
⎧⎨⎩π
0 + p 2/3 of all cases
π+ + n 1/3 of all cases
. (3.10)
In each interaction, the proton loses a significant fraction of its energy which is determined
by the mass ration mπ/mp (on average 20% around the ∆+-resonance). These high energy
losses per interaction are the reason that pion-production has a much higher energy loss rate
compared to photo-pair production, even though its cross section is two orders of magnitude
lower. Several other production channels can occur at higher energies, including the production
of multiple pions. Including all relevant channels significantly changes the production ratio of
π+ to π0 [211].
The pions are unstable and decay dominantly as π+ → µ+νµ → e+ + νe + νµ and π0 → γγ.
Similarly, the neutron in the charged pion channel will decay as n → p+e−+ν̄e. The charged pion
channel is the main source of astrophysical neutrinos. The expected flavour ratio of neutrinos
from photo-pion production is therefore νe : νµ : ντ = 2 : 1 : 0. In very dense source environments
the pion and neutrino can re-interact before decaying or in case of the charged pion be damped
by magnetic fields, reducing the flux of neutrinos and changing their flavour ratio. Neutrinos
produced during extragalactic propagation are referred to as ‘cosmogenic’ neutrinos.
Out of the disintegration models discussed in this section, only Peanut reaches into the
pion-production regime. This regime is therefore typically covered by a separate model. A
widely used model is SOPHIA [212], a Monte-Carlo generator that was initially developed
for interactions of free protons and neutrons with photon fields. SOPHIA includes additional
hadronic resonances, direct pion production, and the production of multiple pions at higher
energies. This gives a more accurate prediction of the neutrino production than the simple ∆+-
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resonance approximation. For nuclei, a superposition model is typically assumed, in which they
are modelled as A free nucleons [211, 213, 214]. In these superposition models, the interacting
nucleon is then ejected while the residual nucleus is kept intact. Similar to pair-production, this
superposition model increases the amplitude of the cross section by the mass number A, but also
shifts the threshold to higher energy. For the same maximal energy, UHECR nuclei therefore
produce significantly less cosmogenic neutrinos.
A more sophisticated photo-meson production model has recently been presented by Morejon
et al. [215]. It uses SOPHIA as a starting point, but makes several modifications. Firstly, the
photo-meson production cross sections are modified for nuclei: At lower energies, measurements
show that the ∆+-resonance is broadened by Fermi-motion for nuclei, leading to a universal
curve scaling with A. This effect is visible in the cross sections of the Peanut-model in Fig. 3.4.
Furthermore, the pion-production around the ∆+-resonance scales with A2/3 rather than A,
since pions can reinteract inside the nucleus. At higher energies, nuclear shadowing effects
lead a reduction of the cross section compared to the simple scaling with A. Secondly, the
disintegration of the residual nucleus is taken into account. This leads to faster disintegration
in the photo-meson regime. Morejon et al. [215] have studied the effects of this model in
different source environments. Depending on the shape of the photon fields, this model leads to
some difference in the ejected UHECR spectra and neutrino production. As interactions during
extragalactic propagation are dominated by the peaked CMB, they happen mainly in the photo-
disintegration regime, such that the more sophisticated photo-meson model should have rather
little impact. For the work presented in this thesis, we used the simpler Sophia-superposition
model. Still, some effect from the new model might be visible in the neutrino prodcution from
EBL interactions, which might be interesting to test in future work.
After the detection of the CMB, Greisen [136] and Zatsepin and Kuzmin [137] predicted that
photo-pion production should lead to a strong suppression of the flux of UHECR protons due
to its large energy loss of ≥ 20% . This is the so-called GZK-effect. As seen in Fig. 3.4, the
threshold energy of the GDR is lower for heavier nuclei than that of photo-pion production for
protons. This threshold is expressed in terms of the rest frame energy which is de-boosted by the
Lorentz factor γ = E/m. As heavier nuclei have a smaller Lorentz factor for the same kinetic
energy, the disintegration threshold in terms of the observed energy E is pushed to higher values
for heavier masses. As a consequence the disintegration on the CMB leads to a cutoff in the
spectrum of UHECR-nuclei at energies similar to the threshold for photo-pion production for
protons. The term GZK-effect is therefore sometimes also used in the context of nuclei, though
the original publications discussed only protons. Lighter nuclei such as helium disintegrate at
energies about an order of magnitude lower. This is illustrated in terms of the interactions rates
in Fig. 3.3.
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3.3 Hadronic interactions and air showers
As discussed in Section 2.2, the measurement of UHECR composition is based on the indirect
observation of extensive air showers. It is therefore important to understand the model as-
sumptions going into the interpretation of the observations. For a more detailed overview see
Kampert and Unger [20].
For a primary UHECR baryon, the development of the air shower is driven by QCD interac-
tions with the air atoms. The initial and subsequent interactions produce secondary hadrons,
mostly pions, kaons and nucleons. Neutral pions decay almost immediately into photons (π0 →
γγ), which cascade electromagnetically trough e+e−-pair production and bremsstrahlung. At
high energies, charged pions and kaons can re-interact before decaying, feeding the hadronic
component of the shower. In each particle generation, the hadronic component transfers ∼ 25%
of its energy to the electromagnetic component. At lower energies, mesons have time to decay
producing muons and neutrinos (K±/π± → µ± + νµ/ν̄µ). Eventually, about 90% of the shower
energy is dissipated in the electromagnetic component, while the rest ends up in the muonic
component [92].














with the initial interaction at depth X0 and the depth of the shower maximum Xmax, the
number of particles at the shower maximum Nmax and a shape parameter λ. In principle, the
shape parameter can be used as a composition related observable, however this is not possible
with current systematic uncertainties [217]. Another observable that is in principle related to
composition is the muon content of the air shower. Measurements from both TA and Auger
however seem to show an excess of muons over the model predictions of around 50% [218, 219].
Muon measurements are therefore currently not conclusive for composition measurements. The
composition is therefore mostly inferred from the average distribution of Xmax, or rather its
first two moments ⟨Xmax⟩ and σ(Xmax). In the future, improvements of the models as well as
reduced systematics of the upgraded experiments, will allow to take additional observables into
account. This might enable a measurement of the composition of individual showers.
At lower energies, both electromagnetic and hadronic interactions are well understood. How-
ever for UHECRs, the initial particles as well as some of the early secondaries interact at energies
which are well above the energy scale of the LHC. The shower development is very sensitive to the
cross sections and distribution of secondaries in these initial interactions. Several phenomeno-
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logical models try to extrapolate the hadronic interactions to higher energies. Among the ones
tuned to LHC data are Epos-LHC [220], Sibyll 2.3 [221] and QGSjet04-II [222].
For now, the main composition related observable remains the average distribution of Xmax
between showers. It is sensitive to composition since showers of heavier elements develop earlier
in the atmosphere than protons. Qualitatively, this can be understood by viewing them as A
free nucleons. The shower then consists of A particles in the initial interaction, compared to a
single particle in the proton case and therefore develops earlier. A more detailed understanding
requires full shower simulations. A widely used Monte-Carlo code for these simulations is COR-
SIKA [223]. The dependence of the composition related observables ⟨Xmax⟩ and σ(Xmax) has
been analysed in Abreu et al. [19] for CORSIKA simulations with different hadronic interaction
models. They found that the energy dependence is well described by the empirical formula:
⟨Xmax⟩(E) = ⟨Xmax⟩p(E) + fE(E)⟨ln A⟩ (3.12)
where ⟨Xmax⟩p(E) is the (model-dependent) depth of shower maximum for protons and ⟨Xmax⟩
scales linearly with ⟨ln A⟩ with the energy dependent coefficient f(E). The variance is given by
σ2 (Xmax) (E) = σ2sh(⟨ln A⟩) +
[︂
b σ2p(E) + f2E(E)
]︂
σ2(ln A) (3.13)
where σ2sh(ln A) = σp[1 + a ln A + b(ln A)2] describes the shower-to-shower fluctuations for pure
composition and σp(E) is the fluctuation for pure proton composition. Only the second term
depends on the variance of masses, while the first scales with the average mass. These formulas
are only empirical and contain several free parameters (a, b and implicitly in ⟨Xmax⟩p, σp and
f(E)) that need to be determined by shower simulations. We use an updated set of parameters
for the post LHC models in this thesis1, compared to the ones provided in Abreu et al. [19].
The average ⟨Xmax⟩ scales only with the average mass. However, the second moment σ(Xmax)
depends both on the average mass as well as the variance in masses. The shower-to-shower
fluctuation will be highest for a mix of different masses. The observed σ(Xmax) is therefore
an indicator of how pure the observed composition is. The connection between the mean and
variance of Xmax becomes more clear in so-called umbrella plots [20], which plot the Xmax data
in σ(Xmax) over ⟨Xmax⟩. Such a plot is displayed in Fig. 3.6. It shows simulations for different
linear transitions between the masses (H → Fe, Fe → Si, Si → N , N → He and He → H)
in each energy bin. The energy dependence is mostly absorbed by subtracting the values for
pure iron from both the data and simulations in each energy bin. We choose here to subtract
the result from Epos-LHC. For any mix of elements, the average mass must always be between
1Private communication with S. Petrera
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Figure 3.6: Umbrella plot of the Auger composition measurements. The Auger composition data
[93] is shown in ⟨Xmax⟩ over σ(Xmax). Error bars are shown as combined statistical
and systematic uncertainties. For each energy bin, the theoretical prediction from
the Epos-LHC model is subtracted to filter out the linear energy dependence. Pre-
dictions for the models Epos-LHC, Sibyll 2.3 and QGSjet04-II are shown at
different energies for linear transitions between different elements (1H, 4 He, 14N,
28Si,56Fe). The spread in the curves comes from the non-linear energy dependence.
The maximal variance in ln(A) is given for a mix of 1H and 56Fe. Any mix of masses
must therefore be contained inside the umbrella shape.
iron and protons, while the highest mass dispersion is given for an equal fraction of iron and
protons. Therefore, any combination of masses must be contained in the umbrella shape.
From Fig. 3.6, one can infer the impact of the hadronic model. Epos-LHC predicts a light
composition at lower energies with a significant abundance of protons. It becomes increasingly
heavier with energy up with the last data point, that is consistent with pure nitrogen. The
predicted σ(Xmax) leaves little room for a superposition of masses. Compared to that, Sibyll
2.3 gives a heavier interpretation of the Xmax data with the last data point close to silicon.
It also leaves slightly more room for a superposition of masses. The only model that cannot
produce a consistent interpretation of the observed data is QGSjet04-II. Already for pure
composition, it predicts a σ(Xmax) that is higher than the observed fluctuations. See Abreu
et al. [19] and Bellido [93] for details on this contradiction between QGSjet04-II and Auger
data. Considering QGSjet04-II only for ⟨Xmax⟩, it would predict the lightest composition out




PriNCe: a new code for UHECR propagation
During the work leading up to this thesis, new code for the extragalactic propagation of UHECRs
was developed from from the ground up in collaboration with Anatoli Fedynitch. The code is
called PriNCe1 (short for Propagation including Nuclear Cascade equations). The basic idea
for this code was to explicitly describe the coupled differential equation system in terms of
vectorized expressions. This allows for easy numerical optimizations, by using computational
libraries optimized for linear algebra. The relevant physical interactions are described in the
previous chapter, in Section 3.2. This chapter serves as an introduction to the basic principles
used for vectorization in PriNCe and gives an overview of its capabilities and possible future
extensions. More details on the methods can be found in Appendix A.
4.1 Idea and motivation
The two UHECR-propagation codes mainly used in the literature, CRPropa [214] and Sim-
prop [213], both use a Monte-Carlo approach. This means they propagate individual particles
for different initial parameters like redshift and energy sampled from a distribution. For a large
sample of particles, the resulting spectrum then converges towards the exact solution. An ad-
vantage of this approach is that the sampling does not have to be recomputed for every new
parameter set. The result for different distributions in the initial injection can be approximated
by re-weighting each event of the initial sample by its parameters. For example for a changed
spectral index γnew of the energy spectrum, each simulated event can simply be re-weighted
with the weight w = E−γnew+γold . For accurate results, this re-weighting method needs a large
number of events in the initial sample to achieve exact results. While computing the initial
sample is costly in computation time, the re-weighting can be executed very fast.
CRPropa accelerates the speed in its calculations by precomputing and storing all interaction
rates. If the interaction rates change, the whole event sample has to be recomputed. This is
the case for changing photon fields and cross sections. The Monte-Carlo approach therefore
1The source code is available at https://github.com/joheinze/PriNCe
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becomes slow when studying systematics of cross sections or non-linear scaling of photon fields.
The same also constitutes a problem for the application to source physics, where the photon
fields can have a wide range of shapes and time dependencies.
An alternative approach is to directly solve the transport equation for the particle density
dN/dE. For protons only, this approach is relatively straightforward to implement, as they pro-
duce only a few secondary particle species. However, for the full nuclear cascade, the transport
equation becomes a system of ∼ 100 coupled integro-differential equations, which requires more
effort to implement numerically and greatly increases the required computation time. For com-
parable numerical optimization, the computation of a single spectrum in this approach is faster
than for the Monte-Carlo method. However, this approach does not allow for a re-weighting of
precomputed samples. The Monte-Carlo method can therefore be more efficient depending on
the parameters of interest. Solving the transport equation directly is specifically advantageous
for parameters where re-weighting is not possible.
An example for this method is the NeuCosmA library, that implements the full nuclear cas-
cade in a computation efficient way [124]. Its speed results from a low-level implementation in C.
Similar to CRPropa, the interaction rates are computed once at the start of the computation.
This approach becomes slow for time dependent photon fields, as they require many recompu-
tations. Therefore, NeuCosmA has, until now, only been applied for the nuclear cascade in
sources [118, 130]. An implementation for the propagation of UHECR protons exists only for
the proton case [224].
To overcome these limitations, we chose to re-implement the UHECR propagation in a new
code. We use the high-level language Python to keep the code accessible and modular. Com-
putational performance is achieved by rewriting the transport equation in terms of vectorized
expressions. This allows them to be accelerated by using scientific libraries like numpy and
scipy [225]. Details will be given in this chapter. The new propagation code is called PriNCe.
To summarize, the main development goals were the following:
Efficient, time-dependent UHECR solver: The code should recompute the interaction rates
explicitly in every step. Still, the code should be efficient enough to compute a single
spectrum within seconds, to be competitive with optimized Monte-Carlo codes.
Easy variation of model inputs: The code should allow to easily switch out model inputs like
photon-fields and cross sections. We therefore do not rely on any pre-computations
Accessibility and modularity: By writing the code in an object-oriented way, it should be easy
for users to modify and extent specific parts.
PriNCe is designed to be compatible with the data files and analytic conventions of Neu-
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CosmA. However, it was written from the ground up using Python. The basic concept of
rewriting the transport equation as a vectorized expression is derived from the MCEq code [226],
which solves the transport problem for atmospheric cascades.
4.2 Matrix formulation of the coupled differential equation
The relevant physical processes for the propagation of UHECRs have been introduced in Sec-
tion 3.2. We show here the basic transport equation for the particle species i (3.3) again:
∂tYi = −∂E(badYi) − ∂E (be+e−Yi) − ΓiYi +
∑︂
j
Qj→i(Yj) + Ji. (4.1)
The particle indices in this equation go over all system species, i, j ∈ (νe, . . . , p, . . . , Fe). The
individual terms are explained in greater detail in Appendix A.1.
We will omit energy loss terms for adiabatic cooling and pair production for now. Expanding
the re-injection term Q(j → i) the integro-differential nature of the transport equation becomes
clear:








(Ej , Ei)Yj(Ej) + Ji(Ei). (4.2)
In each step one has to integrate over all parent species to get the re-injection for a single particle
species i. This problem has no analytical solution. Therefore any implementation has to perform
this integral by some numerical integration method. The most simple integration method is step
integration. While many computational libraries implement generic integration functions, it is
more efficient to explicitly rewrite the equations in a discretized way and implement them on
a low computational level. We will now rewrite the transport equation system explicitly in
terms step integrals, to show that this leads to vectorized expressions. To solve the problem
numerically, it has to be expressed on a grid. We choose a logarithmic grid in energy:
Ek = E0 · 10k·dk with bin widths ∆Ei = Ei − Ei+1 . (4.3)
The grid spacing dk can be adjusted to achieve the required accuracy. For convenience, we
describe all quantities defined on this grid in a short notation, e.g. for the particle density
Yi(Ek) → Y ki . We found that 8 bins per decade currently produce sufficiently accurate results.
It is convenient to use the same grid for all species. However, our approach does not necessarily
require this; the grid can be adjusted for individual species, if higher accuracy is required. In the
following, we will use k, l, m as upper indices for the energy grid indices and i, j as lower indices
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for particle species. Quantities like Y ki are in most cases represented by their values on the bin
center. In some cases, such as for strongly peaked cross sections, it is necessary to compute the
precise averages over each energy bin instead of taking the central values.






transport equation can be written as:
∂tY
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(Elj , Eki ). This is an ordinary differential equation of degree Nparticle ×
NE−grid. This system can be rewritten again by defining a single particle state vector as:
Y⃗ = (Y 0νe . . . Y
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p . . . Y
0
Fe . . . Y
K
Fe )T , (4.5)




i + ∆Elj∆Γklij if i = j and k = l
+ ∆Elj∆Γklij if i ̸= j or k ̸= l
. (4.6)
The coupled differential equation system then becomes a simple vectorized expression:
∂tY⃗ = Φ × Y⃗ + J⃗ , (4.7)
where the injection terms in J⃗ are ordered in the same way as Y⃗ . The interaction matrix Φ is
displayed in Fig. 4.1 for z = 1. In this case, we assumed boost conservation for the disintegration
of nuclei, meaning all fragments are ejected with the same Lorentz factor. For nuclei the energy
per nucleon EA = E/A is conserved. It is therefore advantageous to express the equations in
EA, details can be found in Appendix A.2. Expressed in EA, all submatrices of Φ coupling
nuclear species are diagonal. Protons and leptons are not produced under boost conservation,
their submatrices are therefore not diagonal. We will refer to these as ‘redistributed’ (in energy).
Notice that Φ is sparse, i.e. only ∼ 2% of its entries are non-zero. We chose the ordering of
Y⃗ , such that it is ordered by mass and energy. Due to this ordering Φ is an upper-triangular
matrix as long as there is no particle acceleration. Both of these features of Φ have significant
impact on the numerical performance, as we explain in the following section.
Until now, we omitted continuous energy losses and particle decay in the derivation of Eq. (4.7).
Expressing the continuous loss terms of the form ∂E(bYi) in finite-differences, leads to a matrix
expression with a banded matrix for the E-derviative (see see Appendix A.4 for details). Particle
decays are completely analogous to interaction and re-injection (see Appendix A.1 for details).
Both processes can therefore be absorbed into the interaction matrix Φ.
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Figure 4.1: Structure of the coupling matrix Φklij for the Peanut model at z = 1. The matrix
is flattened to two-dimensions Φklij → Φαβ by defining a single index for energy and
particle index, i.e. α ≡ (i, k), β ≡ (j, l) (and the ordering as in Eq. 4.5). The
matrix shows the interaction rate of all species (x-axis) and their reinjection into
secondaries (y-axis). For leptons, the axes are labelled by names, while for nuclei
each mass group is labelled by the mass number A. The gray elements indicate
non-zero matrix elements (but not their magnitude). Interaction rates appear on
the main diagonal. The reinjection into secondary nuclei are diagonal submatrices,
as the energy per nucleon is conserved in our model of disintegration (green part).
Secondary leptons and protons show a distribution in energy, leading to triangular
submatrices (orange part). There are no interactions for leptons and photons, leading
to an empty submatrix (gray part). Implementing the electromagnetic cascade would
introduce couplings between electrons, positrons and photons.
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4.3 Sparse matrix algebra
As mentioned before, the interaction matrix Φ is sparse. This allows to use sparse matrix algebra,
which significantly affects numerical performance. The idea of sparse matrix formats is to not
store every element of a matrix, but only the non-zeros ones along with an index scheme that
translates them to their location in the matrix. We currently use the scipy.sparse package,
which implements the following formats:
COO (coordinate format) Stores the data for each non-zero entry, along with its column and
row indices. Efficient for sparse, but unordered matrices.
CSR and CSC (compact sparse row and compact sparse column) For CSR, the non-zero data
array and the column index array are stored ordered by their rows. A row index pointer
stores the location of each row in this array. CSC works analoguely, but with the data
ordered by columns. Efficient when there are either a lot of empty row or columns respec-
tively.
BSR (block sparse row) Similar to CSR and CSC, but the data array is ordered such that non-
zero data blocks are stored together. Efficient when the matrix has many dense (square)
blocks.
DIA (diagonal format) Stores all (off-)diagonals that contain non-zero elements along with their
offsets. Efficient when only few off-diagonals in the matrix are populated.
By looking at the matrix in Fig. 4.1, it is not obvious which format is most suited for the
compression. We therefore directly compare computation times in Tab. 4.1 for different parts
of the matrix: the full matrix, only nuclear species (including protons), and all nuclei except
protons. The CSC format gives the best performance for the full matrix including secondaries.
We therefore chose this format in our current implementation. Notice however that if only
the nuclear species heavier than protons are included in the system, the DIA format performs
best. This means a lot of performance goes into the computation of the secondaries, which are
redistributed in energy. By splitting the matrix into submatrices stored in different formats,
this could be used for optimizations in the future.
Apart from this direct performance improvement, the sparse matrix structure can be exploited
for another performance boost. Notice that all sparse matrix formats save the matrix as a
separate data vector with an indexing scheme to translate the data into a dense matrix. For a
given cross section model, the interacting particles and their secondaries are fixed. In turn, this
means that the location of the non-zero elements in the interaction matrix Φ are also fixed. In
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full matrix only nuclear species only boost conserving
format size [MB] speed [ms] size [MB] speed [ms] size [MB] speed [ms]
CSR 24.3 2.35 4.19 0.33 3.54 0.27
CSC 24.3 1.71 4.19 0.29 3.54 0.25
BSR 21.8 2.57 4.19 0.33 3.54 0.27
COO 32.3 5.13 5.55 0.75 4.69 0.62
DIA 184.00 10.00 38.00 1.67 4.68 0.20
dense 511.00 39.10 417 3100 407.00 30.80
Table 4.1: Computation times for the product Φ × Y⃗ for different sparse matrix formats and
dense format (all entries stored explicitly). They are compared for the three cases:
the full matrix; accounting only for the ejection of nuclear species, but no neutrinos
and photons; for only the boost conserving part (blue part in Fig. 4.1, same as the
second case, but no protons)
each integration step, we therefore only have to replace the data vector instead of recomputing
the full matrix and determining the sparsity structure. By ordering the cross sections according
to the sparse matrix format into a kernel matrix, this can be done in a single matrix expression.
See the Appendix A.3 for details. This methods allows to recompute all the interaction rates
for a changed photon field in a few milliseconds. While the kernel matrix takes some time to
computed it can be stored once for a cross section model. Single cross section can then be
rescaled or replaced later with little computational effort.
4.4 Numerical solver and stiffness
Assuming that the interaction matrix Φ and the injection vector J⃗ are both constant in time,

























i CiΨ⃗i This means the system converges exponentially with t against the steady
state (−1) · (Φ−1J⃗), as long as the eigenvalues λ are smaller than 0. However as discussed
before, both Φ and J⃗ are explicitly time dependent for UHECR propagation. We therefore
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need to treat the system by numerical integration.2 Using explicit Euler integration a time step
(tn+1 = tn + ∆t) becomes:
Y⃗n+1 = Y⃗n + Φ(tn) × Y⃗n∆t + J⃗(tn)∆t (4.10)
= (1 + Φ∆t) × Y⃗n + J⃗∆t (4.11)
If we require Y⃗ (t) to converge, this implies that |1 + λi∆t| must be smaller than 1 for all






The distribution of eigenvalues of Φ at redshift 1 is shown in Fig. 4.2, rescaled by (dt/dz) to
estimate the maximal step width in ∆z. The maximal eigenvalue for a proton only system is
λmax ≈ 2 · 103, while for iron it is λmax ≈ 4 · 105. Note that these maximal eigenvalues roughly
correspond to the maximal interaction rate. For a proton only system, the eigenvalues imply a
stepsize of ∆z . 10−3. This can be done within reasonable computation time. However, in the
case of heavier nuclei the eigenvalues are significantly larger, requiring a stepsize of ∆z ≈ 10−6.
For an integration from z = 1 to z = 0 this requires 10−6 integration steps. Equation systems
with such a wide range in eigenvalues are called stiff. Even assuming only the computation
time for the product Φ × Y⃗ of 2 ms and ignoring the re-computation of the elements in Φ, this
implies a total integration time of more than 1000s for an iron system. Reducing the stepsize
in an explicit integration scheme is therefore not an viable option for the propagation of heavy
nuclei. One solution for this problem is to reduce the stiffness of the system. This means to
integrate out the fast eigenvalues, i.e. the interactions of the respective particle species would
be treated as instant with the secondaries directly injected into the system. This approach is
used in MCEq code [226] for atmospheric cascades, which only have a single injection of species
at the start of the cascade and fixed interaction rates. However, in UHECR propagation both
the interaction rates and the injection are time dependent. Specifically, the injection from local
sources is of interest, as particles from these can reach the observer even for high interaction
rates. Integrating out the eigenvalues for this system therefore requires a lot of manual fine
tuning. PriNCe uses an implicit integration scheme instead.
2Note that the matrix inversion of Φ in 4.8 is computationally expensive. Therefore even for a system that
reaches the steady state, numerical integration will be more effective in most cases.
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Figure 4.2: Distribution of eigenvalues of the coupling matrix (dt/dz)Φ for different injection
species at z = 1. The left panel shows the full range of eigenvalues, while the right
panels shows only the large eigenvalues. The counts are normed to 1 for each species.
The eigenvalues cover several orders of magnitude, signaling that the problem is stiff.
The maximal step size is determined by the largest eigenvalues. These are: proton:
2 · 103, helium: 1.7 · 104, nitrogen: 5 · 104, silicon: 1.3 · 105, iron: 3.4 · 105.
Implicit integration schemes are stable even for larger step sizes. The simplest one is the
implicit Euler method, for which an integration step is given by:
Y⃗n+1 = Y⃗n + Φ(tn+1) × Y⃗n+1∆t + J⃗(tn+1)∆t (4.13)
= (1 − Φ∆t)−1 × (Y⃗n + J⃗∆t) (4.14)
this scheme does not lead to instabilities, as (1 − Φ∆t)−1 is always bounded, if the eigenvalues
of Φ are negative. For this reason implicit integration schemes are suited for integration of stiff
problems.
However, solving Eq. (4.13) formally requires an inversion of the interaction matrix in every
step, which is computationally expensive. This can be overcome by approximate inversion
techniques. Different implicit integration schemes are implemented in the scipy.integrate
package. We choose the backwards differentiation solver (scipy.integrate.BDF). It is a more
sophisticated version of the scheme in Eq. (4.13), choosing step width dynamically and using
more previous timesteps (at tn−1, tn−2, ...) to better approximate the derivative at tn. The
inversion of Φ is done effectively by solving it iteratively using a variant of the Newton–Raphson
method. Using these methods, allows for timesteps of ∆z ≈ 10−3 for iron propagation.
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Figure 4.3: Cross-check for PriNCe reproducing the best fit and second minimum from the
Auger combined fit [148] for the exact same input parameters. Compare to their
Fig. 3 and Fig. 4, the color scheme was deliberately chosen to match. The original
results were produced using SimProp. Using our method they are reproduced well.
4.5 Current implementation and selected results
The methods explained above are implemented in Prince in an object oriented way. The code
currently contains the disintegration models PSB, Talys and Peanut. At higher energies,
cross sections sampled from Sophia are used for photo-meson production. Other models can
be included by supplying tabulated cross section data for the different particle channels. The
models for different energy ranges are automatically combined by the code. We also include
several EBL models, which can either be tabulated as a function of redshift or use an analytic
redshift scaling.
PriNCe is able compute the propagation from z = 1 for one spectrum of UHECRs with
composition including iron in 20 − 40s depending on the number of stable particles contained
in the disintegration model. It has no effect on performance whether the injection contains a
pure or mixed composition. However, the computation time is greatly reduced if the maximal
injected mass is lighter, as the system then contains less particle species. For protons only the
propagation can be computed in a few hundred milliseconds.
To test the accuracy of the code, it was compared to different results from the literature
[148, 210, 227] as well as directly to computations using SimProp. The result are reproduced
quite well. Minor differences are expected due to the different methods. There are some smaller
deviations even between the two established codes CRPropa and SimProp [153, 210]. As an
example we show the reproduction of the Auger combined fit [148] in Fig. 4.3 and of Alves Batista
et al. [210] in Fig. 4.4. The reproduction in Fig. 4.3 was done with Prince using the exact same
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Figure 4.4: Cross-check for PriNCe reproducing propagation results for different cross section
and EBL models Alves Batista et al. [210] using the exact same input parameters.
Compare to their Fig. 6, Fig. 7 and Fig. 8, the color scheme was deliberately chosen
to match. Both the spectral shapes and the model dependence are reproduced well.
injection parameters as reported for the best fit and second minimum in the Auger combined fit.
The reproduction of Alves Batista et al. [210] in Fig. 4.4 illustrates the effect of different EBL
and cross section models on the propagated spectrum for a pure composition of the injection
spectrum.
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4.6 Future optimizations and extensions
While the computation speed of PriNCe is already competitive compared to other codes, there
are a few ways to further improve it. As mentioned before, we currently use the scipy package
for the sparse matrix algebra and the numerical integrator. Implementing these methods on a
lower level for our problem, the performance can therefore still be improved. We also do not yet
include several physical processes, which should be implemented in the future.
Performance optimizations For standard linear algebra, so-called BLAS-libraries (Basic lin-
ear algebra subprogram) implement the most common operations on a very low computational
level. A popular example is the Intel-MKL (math kernel library) [228]. Using these leads
to a significant boost in performance even compared to low level implementations in languages
like C and Fortran. While the dense matrix operations in many popular numpy-distributions
are linked to Intel-MKL by default, the sparse matrix algebra in scipy relies on a C imple-
mentation. Intel-MKL, however, contains packages for sparse matrix algebra. By linking the
most performance intensive operations manually, we could achieve a large performance boost
with relatively little effort. Additionally, there are libraries optimized for graphics cards (e.g.
cuBLAS and cuSparse[229]). Using these can further boost performance.
The code currently uses the standard scipy.BDF solver. Due to the generic interface which
is intended for a wide range of problems, this solver does some redundant steps. For exam-
ple, it internally re-approximates the Jacobian of Eq. (4.13) and tries to adaptively change the
integration step size. This can be optimized by reimplementing a backwards differentiation
solver specifically for our problem. This will also be necessary to have the internal integration
steps calculated by the sparse matrix methods of MKL. The computation time could be further
boosted by implementing the solver in a way that allows to propagate more than a single spec-
trum at a time. This can effectively boost the performance per spectrum, as the re-calculation
of interaction only needs to be done once per redshift step.
Additional physics processes At the moment, PriNCe allows for the extragalactic propagation
of UHECR nuclei accounting the interaction with photon backgrounds and the production of
secondary neutrinos, photons and electrons. However, it does not yet contain interactions for
electrons and photons. It can be extended by including several more processes in the future.
We currently do not include the electromagnetic cascade for photons and electrons. There
are several processes which would need to be implemented for this. These have been discussed
in the context of AGN spectra calculations in Gao et al. [230]. They are implemented in the
C++-code AM3, developed originally for AGN. The code is currently being adapted to GRBs
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and coupled to the nuclear cascade in NeuCosmA by our group. Collaborating on this to
implement the physics also in PriNCe should therefore be possible with reasonable effort. In
terms of computational performance, this should have little impact as the coupling between
photons and electrons would barely increase the density in the interaction matrix Φ. This can
be seen in Fig. 4.1, where the couplings for photon, electron and positron interactions would
show up in the gray-shaded triangle.
Another extension, in the context of UHECR propagation, would be to include the diffusion
in extragalactic magnetic fields. Simulating three dimensional diffusion in our method would
be very performance intensive and is probably more efficiently done in Monte-Carlo codes.
However, magnetic diffusion can be effectively described by a one-dimensional diffusion term.
See e.g. Refs. [231–233] for examples. To include such a diffusion term one has to introduce
a second grid in space x with the density at each point Yi(E, x), which increases the degree
of the equation system to Nparticle × NE−grid × Nx−grid. For the exact methods described here,
this would greatly increase the computation time. However, diffusion does not couple different
species, keeping the system sparse. Secondly, the interaction rates are not explicitly dependent
on x. Both these properties can be used to optimize the computation.
We developed PriNCe primarily for propagation of UHECRs. However, simulations of source
physics in an isotropic approximation are very similar. PriNCe would therefore only need
relatively little extensions to be applied to isotropic sources. Additional requirements are particle
escape (which is trivially implemented by an additional escape rate Γesc) and synchrotron losses
(which can be implemented analogously to pair-production losses). For static photon fields, the
computation time should be much faster than for UHECR-propagation. Even for time-dependent
photon fields the computation time should be faster, as the shorter timescales in sources require
fewer integration steps. The implementation of a source model is however mainly interesting in
terms of applications, if we can include the full electro-magnetic cascade. A code that can treat
both nuclear interactions and the electro-magnetic cascade in sources self-consistently and in an




Impact of model assumptions on interpreting UHECRs
In this chapter, the newly developed propagation code PriNCe, described in Chapter 4, is
applied for a comprehensive study of a fit to the UHECR spectrum and composition. For this
fit, we assume a generic source class and derive its general properties required to fit the observed
Auger spectrum and composition. In this context, we discuss in detail the systematic effects
of the different disintegration and air-shower models that were described in Chapter 3. This
is done for the most recent Auger dataset (2017) [88, 93]. A similar study was published by
the Auger Collaboration [148]. This combined fit (from here CF) was done for a generic source
model with flat evolution. The impact of model assumptions was only discussed for a subset of
the parameter space. We deliberately use the same framework, but extend it to include source
evolution as an additional free parameters. A reproduction of the main CF results is presented
in the Appendix B.1 to discuss the impact of the updated (2017) data set to the one used in the
CF (2015). From our results, we also derive the expected flux of cosmogenic neutrino and its
robustness under model assumptions.
This chapter is based on the previous publication in Heinze et al. [3]. This study is the
first application of the new PriNCe propagation code. I also implemented the tools for the
computation of the parameter space and the fit to data. With these, I performed the parameter
scans and evaluated them in discussion with the other authors.
5.1 Generic source model assumptions
As discussed in Section 3.1, the expected spectrum from Fermi-acceleration is a power-law
(∝ E−γ) with spectral index of γ ≈ 2. However, this is only the spectrum at the acceleration
site. If charged particles are magnetically confined, the magnetic fields act as a high-pass filter,
making the escaping spectra significantly harder. Therefore, spectra of escaping charged particles
that significantly differ from E−2 are not unexpected for a single source.
Models of UHECR propagation therefore usually assume a simple parameterization of the
spectrum ejected from the source, where the spectral index and a maximal energy cutoff are free
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parameters. This parameterization then represents the total ejection from a generic population
of sources. The exact shape of the cutoff is again dependent on the source environment. A
common choice is to parameterize it by an exponential cutoff. However, this choice is in principle
arbitrary, since the exact form would depend on the details of acceleration and escape. We
choose the exact same parameterization as in the CF [148] (see also e.g. Romero-Wolf and Ave
[151], Alves Batista et al. [153]) to make the results directly comparable:






for each the nuclear species A, with the five injection elements: 1H, 4He, 14N, 28Si and 56Fe,
which cover roughly equal distances in ln(A). The different elements share a common spectral
index γ and maximal rigidity Rmax = Emax/ZA. JA are the normalizations of the spectra of
each of the injection elements, representing the number of particles ejected from the sources
per unit of time, comoving volume and energy. These fractions are free parameters and will be










, E > ZARmax.
(5.2)
The definition in Eq. (5.2) is convenient for defining mass fractions, as the spectra are parallel
power-laws at energies below Rmax. Still, the definition of the injected mass fractions is ambigu-
ous. In the CF, the injected fractions fA are defined at a fixed energy point (109 GeV), relative
to the total spectrum. This definition is straightforward to obtain from JA as fA = JA/
∑︁
A JA.
This definition was chosen for the CF as it is easily comparable between different studies. How-
ever it has a strong degeneracy with γ and Rmax, i.e. for soft spectra the fraction of protons at
low energy can be very high without contributing much at the relevant energies above the ankle.
While the iron fraction typically seems very low in fA, it can actually be significant due to its
higher maximal energy (for equal Rmax). fA therefore gives a somewhat misleading impression
of the actual contribution of elements. We chose to define the mass fractions by the fraction of










where we choose Emin = 109 GeV as the lower boundary. We will mostly refer to I9A in our
study, while still providing the fA for comparability with the CF.
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Eq. (5.1) contains a function nevol(z) to account for the source evolution with redshift. In the
CF only flat evolution, nevol(z) = 1, was considered. We choose the simple parameterization:
nevol(z) = (1 + z)m. (5.4)
For the variable m, the function approximates all known continuous source density functions
within the UHECR horizon z . 1. However the production of secondary messengers, like neutri-
nos, at higher redshift is affected by the source evolution. We will discuss the impact of different
extrapolations of the source evolution at higher redshift, when estimating the cosmogenic neu-
trino flux in Section 5.4,
We inject five representative injection elements: hydrogen (1H), helium (4He), nitrogen (14N),
silicon (28Si) and iron (56Fe). These mass groups cover the space in ln(A) roughly equally, which
is the main quantity scaling the observed Xmax. We verified that choosing different injection
elements in the same mass groups yields qualitatively similar results. An exception is carbon
(12C), which disintegrates very efficiently into 4He, compared to 14N or 16O, reducing the fraction
of 4He required directly from the sources. This is only true for the disintegration models Peanut
and Talys, as PSB does not contain 4He emission. We chose to use 14N to represent this mass
group, which is the same as in the CF.
This generic parameterization covers the most important features of the spectra expected
from different UHECR-source candidates. However, a few relatively strong assumptions about
the source candidates are still implied. The assumption of rigidity-dependent maximal energy
applies only to sources with lower luminosity, as discussed in Section 3.1. For high luminosities,
the maximal energy is typically limited by interactions, which results in similar maximal energies
for the different nuclear species [118, 124]. We will discuss the impact of the rigidity dependent
maximal energy in Section 5.3.3.
The assumptions of an equal spectral index for all nuclear species is similarly affected by the
luminosity. For higher luminosities the interactions produce neutrons, which are not magneti-
cally confined and escape. Their subsequent escape produces a proton component with softer
spectral index than the spectra of directly escaping charged particles. Additionally, very hard
spectral indices (γ < 0) might be difficult to reconcile with the assumption of a population
of a large number of sources. While they can be expected from a single source depending on
the acceleration and escape mechanisms, all sources of a population would have to accelerate
to the same maximal energy. Otherwise the superposition of the individual spectra leads to a
smoothed-out total spectrum [139, app. E]. Still, we restrict ourselves to the generic propagation
model in Eq. (5.1) for the main results, as it is flexible and covers many features of a wide range
of different source models.
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5.2 Simulation and fitting procedure
In this section, we summarize the relevant setup for our simulations and parameter scans. The
generic source model has eight free parameters: Rmax, γ, m and free normalizations JA corre-
sponding to the five injection elements. We allow for a shift δE in energy within the systematic
uncertainty given by Auger (±14%) [88]. The UHECR transport equation (Eq. (3.3)) is linear
in the normalization factor JA but not in the other source parameters (γ, Rmax and m). This
means that every change of γ, Rmax or m needs a full recomputation, while for JA the result
can simply be rescaled. We therefore use a discrete grid in γ, Rmax and m with the following
ranges and stepsizes:
min max stepsize
γ -1.5 2.5 0.05
log10(Rmax) 9.7 11.7 0.05
m -6 6 0.2
For each point of this three-dimensional (3D) source-parameter grid, we separately compute
the spectra at Earth for the five injection elements (∼ 1.5 · 106 individual simulations for one
choice of the photo-nuclear interaction model). Since the propagated spectra are linearly de-
pendent on the injection norms JA, the all-particle spectrum can be calculated as a linear
superpostion of the propagated spectra obtained for single element injection.
For each point on the 3D grid, we fit the nuclear fractions JA and energy shift δE to the
spectrum and the first two moments of Xmax for each triplet in (Rmax, γ, m) using the Minuit
package [234]1. The translation from individual mass spectra at the top of the atmosphere to
⟨Xmax⟩ and σ(Xmax) is performed with the parameterization from Abreu et al. [19] described in
Section 3.3, using updated parameter sets2 for Sibyll 2.3 and Epos-LHC.




(F(Ei) − Fmodel(Ei, δE))2
σ2i
, (5.5)
where χ2F refers to each of the three observables F , namely the combined energy spectrum,
⟨Xmax⟩ and σ(Xmax) [88, 93]. We minimize the total χ2, which is the sum of the fit to all
three observables. A nuisance parameter δE captures the uncertainty in the energy scale. We
assume its distribution to be flat within ±14%. The fit takes into account all data points above
1We use the iMinuit interface https://github.com/iminuit/iminuit.
2Private communication with S. Petrera
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Emin = 6 · 109 GeV, i.e. all data points above the ankle. The global best fit χ2min is found by
minimizing over all points of the 3D parameter grid.
The full grid in γ − Rmax − m has to be recomputed for each disintegration-model, as they
change the interaction rates during propagation. The air-shower model only converts the prop-
agated spectra’s ln(A)-distribution to Xmax, therefore only the fit to data has to be repeated for
a changed air-shower model. In all cases, we use Gilmore et al. [194] as the EBL model. The im-
pact of the uncertainty in the EBL model is small compared to the disintegration and air-shower
model, as discussed in Alves Batista et al. [210]. To find the χ2 values for the UHECR fits within
the entire parameter space, the simulations are performed starting from redshift zmax = 1. Once
the 3σ confidence intervals are localized, we run additional simulations starting from z = 3 to
compute cosmogenic neutrino fluxes. We verified that these simulations at higher redshift give
the same results for the UHECR spectra, as expected due to the UHECR horizon at z = 1. This
is demonstrated in Section 6.3.
We then use ∆χ2 = χ2 − χ2min to draw contours around the best fit point by projecting to
planes of two parameters by minimizing over all other parameters of the scan. This frequentist
approach is sufficient to draw contours and discuss the correlations among the continuous source
parameters. However, it cannot be as easily applied to discrete physical parameters choices, such
as the combinations of models for the photon background, the disintegration and the hadronic
interaction model. For example, Romero-Wolf and Ave [151] parameterized the hadronic model
as a linear superposition of Epos-LHC and Sibyll 2.3 with a continuous nuisance parameter.
However such a nuisance parameter is neither physically meaningful nor unbiased. Instead it
hides the qualitative differences resulting from these two different models. We therefore choose
to show the different discrete model combinations and discuss their qualitative differences in the
fit contours.
5.3 Results of the UHECR fit
To verify our methods, we used them to directly reproduce the results of the CF. Details on this
reproduction are given in Appendix B.1. The main results are well reproduced, with some minor
differences due to details of the propagation codes and fitting procedures. With the updated
2017 data set, a small but significant iron fraction is required to fit the spectrum. This is a direct
effect of the increased statistics at the cutoff, as is discussed in Appendix B.1 by comparing to
the older 2015 data set.
In the following, we will discuss our UHECR fit in context of different disintegration and
air-shower models. However, we first discuss the main features for the “baseline” case chosen
to be the combination of Talys as disintegration model and Sibyll 2.3 as air-shower model
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Figure 5.1: Spectrum (left panel) and composition observables (right panels) corresponding to
the best fit to the Auger 2017 data, for the baseline model combination Talys and
Sibyll 2.3. The corresponding injection at the source is found in Fig. 5.2. The
dashed and dotted curves show the spectrum for propagation from zmax = 3 with
different continuations of the source evolution. The impact on the UHECR fit is
negligible. Figure adapted from Heinze et al. [3].
in Section 5.3.1. It is then extended to the different model combinations in Section 5.3.2.
In Section 5.3.3 we will discuss the impact of the rigidity dependence by using a generalised
cutoff function. The impact of the model choices on the injected composition is discussed in
Section 5.3.4.
5.3.1 Baseline model combination Talys – Sibyll 2.3
The combination of Talys as disintegration and Sibyll 2.3 as air-shower model serves as the
‘baseline’ model, simply because it gives the lowest χ2 out of the more realistic disintegration
models. We will used this baseline model to establish the main parameter correlations of the fit.
The other model combinations are discussed in Section 5.3.2. Before discussing the correlations
in the full parameter space, we show two distinct examples from the parameter space: The best
fit (χ2/dof = 27.0/21) is found at strong source evolution and hard spectral index and a second
example chosen with negative source evolution and softer spectral index, which also leads to
reasonably good fit (χ2/dof = 34.6/21). The parameters of the two points are given in Tab. 5.1.
The spectrum and composition of the best fit in our baseline model are given in Fig. 5.1. The
propagated spectra for different mass groups A are highlighted. Both spectrum and composition
fit well. Below the fit-range, the propagated spectrum cannot fully sustain the flux and is
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Table 5.1: Best fit parameters for the 3D parameter scan with free source evolution for the
baseline case of the combination Talys - Sibyll 2.3. Uncertainties are given for the
1σ-interval (for 1 d.o.f.). The left column shows the result for a fixed point within the
3σ-contours at negative source evolution and soft spectral index. In Fig. 5.1, these
two points are marked by • and ⋆ respectively.
Table extended from Heinze et al. [3].
Talys - Sibyll 2.3
best fit (•) second example (⋆)
γ −0.80+0.27−0.23 1.5 (fixed)
Rmax (GV) (1.6 ± 0.2) · 109 4 · 109 (fixed)
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−3.2 1.0 ± 0.7
χ2 / dof 27.0 / 21 34.6 / 21
dominated by protons, which are too light compared to the observed composition. This lower
energy component is expected to be suppressed by diffusion in extragalactic magnetic fields,
which we did not include for our simulations. The generic source model therefore cannot account
for the component below the ankle. For a fit with an extended range, one would have to include
an additional (galactic) component. The dashed and dotted lines show the result for the same
injection spectrum but with the source evolution continued to zmax = 3. The effect on the fit is
obviously minor, as expected due to the UHECR horizon at z = 1. This only has an effect on
the cosmogenic neutrino flux, as will be discussed in Section 5.4.
The corresponding injection spectrum is shown in the left panel of Fig. 5.2. The right panel
shows the propagated spectrum again, but this time with the secondaries grouped by the initial
injected mass. The dashed lines show the spectra of the initial injection elements that survive the
propagation without disintegrating. This clearly shows a pile-up effect from higher redshift. The
injected spectrum is very hard (γ = −0.8), which clearly separates the injected mass spectra.
The secondaries from disintegration pile up at lower energies, leading to softer total spectra
with a stronger overlap of different masses. The best fit for the proton component is 0. The
protons in the propagated spectrum are therefore only from disintegration. The upper limit on
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Figure 5.2: Left: Injection spectra for the five injected elements corresponding to the best fit for
the 3D parameter scan in Fig. 5.4 (γ = −0.8, Rmax = 1.6 · 109 GV, m = 4.2). The
shaded regions indicate the 1σ uncertainties to the normalization of each injection
corresponding to the fit (for γ, Rmax, m fixed). While the best fit proton fraction
is 0, there can be a significant proton contribution within the uncertainty. Right:
The spectrum after propagation with secondaries grouped by the initial injection
elements. The dashed curve shows the surviving spectrum of the respective element.
Left panel taken from Heinze et al. [3].
the proton component (shaded region) only allows for a small component of directly injected
protons.
Fig. 5.2 shows the same plot for the second example with negative source evolution and softer
spectral index. The injection has a softer spectral index (γ = 1.5), which is closer to the index
of the observed spectrum. Disintegration is much less efficient due to the more local sources.
Therefore, there is a significant component of surviving injection elements. Consequently, there
is less pile up of protons below the fit-range. Overall, the observed spectrum is more directly
impacted by the shape of the injection function. Even though the number of secondary protons
from disintegration is lower in this case, the component of directly injected protons is limited to
a few percent.
The full parameter space is shown in Fig. 5.4, with the two discussed examples marked by •
(best fit) and ⋆. The γ − m parameter plane exhibits a clear anti-correlation, as already noticed
for example in Refs. [147, 162]. As discussed at the two examples, positive source evolution
(m > 0) result in a pile up from more distant sources, effectively softening the spectrum at
Earth. This pile up is compensated by harder spectra at the source. Contrariwise, a high density
of local sources (m < 0) allows for spectral indices almost compatible with Fermi acceleration.
The result for this model combination favors positive source evolutions, covering star-forming
objects, GRBs and Blazars. The 3σ contours still leave room for negatively evolving sources
such as TDEs [130].
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Figure 5.3: Same as Fig. 5.2, but for the second point at (γ = 1.5, Rmax = 4. ·109 GV, m = −5),
which is marked by ⋆ in Fig. 5.4.
Figure 5.4: Parameter space in γ, Rmax and m for the model combination Talys and Sibyll 2.3
(baseline case) with free energy scale as a nuisance parameter. The best fit, found
at γ = −0.8, Rmax = 1.6 · 109 GV and m = 4.2, is marked by a white dot. A second
point at γ = 1.5, Rmax = 4 · 109 GV and m = −5 is marked by a pink star. The
colored shading corresponds to
√︂
χ2 − χ2min, while χ2 − χ2min is used to determine
the contours, which are given for 1σ, 2σ, 3σ (for 2 d.o.f.). In each 2D panel, the third
parameter is treated as a nuisance parameter and minimized over to project the 3D
parameter space. Figure taken from Heinze et al. [3].
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The contour in the γ − Rmax plane is similar to the flat evolution case in the CF. Although
the γ ≈ 1 corresponding to Fermi acceleration with diffusive escape is within the 95% contour,
the preferred spectral indices result in flat or almost monochromatic spectra with γ < 1. The
slight correlation in this plane comes from the definition of the spectrum above the cutoff, in
which hard spectral indices can slightly compensate a lower Rmax.
The Rmax − m plane also exhibits a low rigidity cutoff for every choice of the source evolution
within the 95% CL. For low Rmax there is less disintegration during propagation leading to
smaller superposition of the individual mass spectra. This is required by the observed σ (Xmax),
as was discussed in Section 3.3, specifically Fig. 3.6. The low rigidity scenario means that the
cutoff in the spectrum is due to the sources running out of energy, rather than due to photo-
disintegration losses. This is expected for negative source evolution, where disintegration is less
efficient and cannot fully account for the observed cutoff. Still, it also holds for strong positive
evolution.
5.3.2 Impact of the different model combinations
With the basic parameter correlations established for the baseline case, we now discuss the
differences due to the different choices of disintegration and air-shower models. The fit is repeated
for all combinations of the disintegration models PSB, Talys and Peanut and the air-shower
models Epos-LHC, Sibyll 2.3 and QGSjetII-04. The most relevant correlations are visible
in the γ − m plane. The different model combinations are compared in this plane in Fig. 5.5.
The comparisons for the other two planes can be found in the Appendix in Fig. B.3 and Fig. B.4.
The corresponding best fit parameters are also reported in the Appendix in Tab. B.2.
Consistent with what was found in the CF, we cannot find reasonable fits for QGSjetII-04.
As discussed in Section 3.3, this is due to the model’s broad Xmax distributions, in combination
with a small ⟨Xmax⟩, which is inconsistent with the observed Xmax distribution. For all the other
model combinations we find satisfactory best fits with χ2/dof ≈ 1.4 − 2.0. The shower model
clearly has a stronger impact on the fit contours than the disintegration model, as can be seen
comparing the columns in Fig. 5.5. The differences between Talys and Peanut are mainly
quantitive. Compared to the other two models PSB prefers slightly stronger source evolution.
Interestingly, for the PSB model in combination with Sibyll 2.3, negative source evolutions
are excluded at 3σ. Note that there are significant differences in the injected mass fraction,
which are minimized over in this figure. These are discussed in Section 5.3.4.
The anti-correlation between m and γ is found for all combination of disintegration and shower
model (excluding QGSjetII-04). However, when exchanging Sibyll 2.3 with Epos-LHC,
the 3σ contour in Fig. 5.5 is shifted towards more local sources and/or more monochromatic
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Figure 5.5: Parameter space in γ and m minimized over the third parameter Rmax for different
combinations of disintegration and air-shower models. The color code and contours
are defined as in Fig. 5.4. Rows from top to bottom: Talys, PSB, Peanut.
Columns from left to right: Sibyll 2.3, Epos-LHC, QGSjetII-04. The corre-
sponding best fit parameters can be found in Tab. B.2 (appendix). Figure taken
from Heinze et al. [3].
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spectra. The reason for this is that Epos-LHC, compared to Sibyll 2.3, predicts less shower-to-
shower fluctuation decreasing the σ(Xxmax), while at the same time its ⟨Xmax⟩ predicts a lighter
composition of the measurements. In combination, this allows for less overlap of individual mass
spectra. This is satisfied by either harder spectra or reduced disintegration due to more local
sources, as explained in the previous section. At the same time, the maximal rigidity Rmax is
more constrained for Epos-LHC than for Sibyll 2.3 (see Fig. B.4). This is again since the
allowed overlap of mass spectra and therefore the rate of disintegration is more constrained for
Epos-LHC.
The χ2min/dof is slightly worse when using Epos-LHC (≈ 2.0) compared to Sibyll 2.3 (≈ 1.4),
mainly because the fit to ⟨Xmax⟩ is worse. The difference is however not strong enough to
discriminate between these models, due to the large systematic uncertainties in Xmax on the
level of ±10 g cm−2. We found that the differences in the fit for the two air shower models can
be somewhat alleviated by shifting the Xmax data within its systematic uncertainties. There are
however strong bin-to-bin correlations for the Xmax data, that cannot be easily treated without
detailed information only available to the Auger collaboration. We therefore chose not to include
the systematic Xmax uncertainties in our fit.
5.3.3 Impact of the rigidity-dependent maximal energy
For the fits in the previous sections, we assumed that the maximal rigidity is the same for
each injected element, i.e. Emax = ZA · Rmax. This assumption is valid for optically thin
sources for which the acceleration rate is limited by the size of the region, as discussed in
Section 3.1. For higher radiation densities, however, the maximal energy of each element is
controlled by its disintegration and energy loss rates. For high luminosity sources, the maximal
energies for different elements can then be in a similar range with the details depending on the
source environment [124]. To test the assumption of rigidity dependence, we introduce a fourth
parameter (α) in the cutoff function Eq. (5.2), that controls the scaling of the maximal energy:
fcut(E) =
⎧⎪⎨⎪⎩







, E > ZA
αRmax
. (5.6)
For α = 1 this definition retains the definition of the result in the previous three-dimensional
fits. For α = 0 all elements have the same maximal energy. Realistic source models will likely
be in the range 0 ≤ α ≤ 1. Still, we extend the range for the parameter scan to −0.5 ≤ α ≤ 1.5
to get a full coverage of the allowed parameter space. With this additional parameter we now
repeat the fit following the same procedure as before. To save computation time, we decrease the
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Figure 5.6: Parameter space in γ, Rmax, m and α for the model combination PSB and Sibyll
2.3. This is the same as Fig. 5.4, but for the PSB disintegration model and extended
by a fourth parameter α that controls the scaling of the maximal energy according
to Eq. 5.6. The best fit at γ = −1.2+0.2−0.3, Rmax = 1.6
+0.4
−0.0 · 109 GV, m = 4.8
+0.8
−0.4 and
α = 1.0+0.0−0.1 is marked by a white dot.
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resolution in each parameter, computing only 41 × 31 × 31 × 21 points in γ × Rmax × m × α. We
also choose only the model combination PSB - Sibyll 2.3, since PSB takes less computation
time for propagation due to its fewer disintegration channels.
The result is shown in Fig. 5.6. The best fit is found at γ = −1.2+0.2−0.3, Rmax = 1.6
+0.4
−0.0 ·109 GV,
m = 4.8+0.8−0.4 and α = 1.0
+0.0
−0.1. These ranges are fully consistent with the best fit found in the
previous three-dimensional fit (compare to Appendix, Tab. B.2). The allowed range in α is
very narrow around 1. The other contours therefore retain roughly the shapes of the previous
fit, where α = 1 was fixed. This means that the choice of rigidity-dependent maximal energy
does not imply a strong restriction on the parameter space. There are some correlations visible
outside of the 3σ contours. There is, for example, an anti-correlation in Rmax − α, which is
expected since Emax = Zα · Rmax needs to fit the cutoff in the observed spectrum. However,
these regions do not give a good fit to the observed data anyway.
The data strongly favors a rigidity-dependent cutoff due to the small overlap of masses allowed
by the combination ⟨Xmax⟩ and σ(Xmax), as discussed in Section 3.3. Epos-LHC allows for
even less superposition of masses compared to Sibyll 2.3. In fact, for the combination of PSB -
Epos-LHC we find the best fit at α = 1.2, which further reduces the overlap of masses. However,
values of α > 1 are not consistent with the standard acceleration mechanisms. We did not test
the impact of other disintegration models than PSB explicitly, since this would have required
additional computation time. However, similar results are expected for the other two models,
since more detailed disintegration chains will only increase the overlap of masses and therefore
also require small initial overlap. With the current data and hadronic models the assumption of
rigidity dependence is a good ad-hoc choice for generic models. In any case the parameterization
with α chosen here is rather simple. For a more physically meaningful definition of the scaling of
Emax, one could define it by the disintegration rate on a generic photon spectrum. However, this
would require at least some assumption about the sources of UHECRs and lead to a definition
that is not easily described by a single parameter.
5.3.4 Injected composition
For the parameter scans presented in the previous sections, we minimized over the injected mass
composition. The injected mass composition permitted by Auger data is however relevant when
developing source models. While the composition at observation is fixed (within the uncertainty
of air-shower models and data), it can have significantly different interpretations in terms of the
composition ejected from the source. For example, more distant sources have to inject a heavier
composition, as disintegration is more efficient during propagation. The inferred composition
therefore depends both on the disintegration and the air-shower model.
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Figure 5.7: Ranges in the fraction allowed within 3σ (for 2 d.o.f) as a function of the source
evolution parameter. The fractions are defined by integrating the injection spectrum
from Emin = 109 GeV, see Eq. (5.3). The fractions are given for all combinations
of Talys, PSB and Peanut with Sibyll 2.3 and Epos-LHC. QGSjetII-04 is
omitted as it does not provide a good fit to the observables. Figure extended from
Heinze et al. [3]
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Within the limitations of our generic model, we illustrate the ranges of the injected fractions
I9A within the 3σ contours of our fit in Fig. 5.7 as a function of the source evolution. The figure
shows the different combinations of Talys, PSB and Peanut with Sibyll 2.3 and Epos-LHC.
This corresponds to the left and middle column in Fig. 5.4. As QGSjetII-04 does not give a
consistent interpretation of the composition data, we leave it out of the discussion here.
Comparing the fraction ranges for Sibyll 2.3 (Fig. 5.7, left column) with respect to Epos-
LHC (Fig. 5.7, right column), the most striking difference is in the silicon fraction, which is
significantly higher for Sibyll 2.3, while in turn the nitrogen fraction is higher for Epos-LHC.
This is mainly due to the heavier ⟨ln A⟩ predicted by Sibyll 2.3. The Epos-LHC model allows
for a significant fraction of proton injection with . 15 %. The main reason for this is the lighter
⟨ln A⟩. However, this is also affected by the slightly lower rigidity found for this model, which
makes the protons pile up mostly below the fit range. This is illustrated by the best fit for the
combination of Epos-LHC and Peanut, shown in the appendix in Fig. B.5 and Fig. B.6. For
both hadronic models, the nitrogen fraction increases at the cost of the helium fraction with
higher source evolution. The higher disintegration for distant sources produces more helium
during propagation, therefore requiring less helium injected at the source.
The combination of ⟨Xmax⟩ and σ(Xmax) predicted by Sibyll 2.3 allows for a stronger su-
perposition of different mass spectra. Therefore, Sibyll 2.3 leaves the mass fractions less
constrained compared to Epos-LHC for the same source evolution. In both cases, the allowed
mass fractions widen when going to negative source evolution. This is an effect of the correlation
in γ −m. Strong source evolution is found together with hard spectral indices, i.e. rather peaked
spectra. The exact shape of the spectrum then has little influence on the integral fraction I9A.
At negative source evolution, the spectral indices are softer, such that lower energies contribute
more to I9A. For the same source evolution, the exact value of γ then has a stronger influence
on I9A. This effect is illustrated by the two examples of injection spectra for the baseline case in
Fig. 5.2 and Fig. 5.3.
The choice of the disintegration model affects mainly the fraction of injected He and Ni. As
mentioned in Section 5.3.2, negative source evolution is not contained in the 3σ contours for the
combination of PSB and Sibyll 2.3. This constrains the fraction ranges in Fig. 5.7 (middle
left panel) to positive source evolution. The most relevant features of the disintegration model
are the level of α emission and the number of open reaction channels that control how efficiently
the nuclear cascade develops, as discussed in detail in Section 3.2.5. For instance, the absence
of α emission in PSB, is compensated by higher He fractions at the source, as noticed in Aab
et al. [148], Alves Batista et al. [210]. Due to the less efficient photo-disintegration in PSB, the
nuclear cascade can only develop sufficiently for more distant sources. In turn local sources are
disfavoured when using this model. A similar effect can be seen by comparing Peanut and
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Talys, though the difference is less pronounced and negative source evolution is not excluded
for either model. As in the Talys model α-emission is most efficient, it requires the least He
injection at the source.
The fractions shown in Fig. 5.7, describe the the integral fraction ejected from the source.
They have important implications on the physics inside the source. Disintegration inside the
source produces more protons and helium. Therefore higher-luminosity sources are more likely
to eject a large fraction of these lighter elements. For strong evolutions, such as for AGNs,
the heavier isotopes must escape mostly intact. Weaker source evolutions seems to allow for
higher helium and maybe even proton fractions, which allows for partial disintegration inside
the source. This however gives only a rough estimate of the required composition. The details
need to be studied in the context of a specific source model.
Note that we find a small, but non-zero iron fraction throughout all model combinations.
This is a result of the increased statistics at the cutoff in the updated Auger 2017 data set in
combination with the rigidity-dependent maximal energy, as discussed in Appendix B.1.
5.4 Cosmogenic neutrino fluxes
With the source parameters fixed by the fit to the UHECR data, a prediction of the cosmogenic
neutrino flux is also implied. However the UHECR fit is only sensitive up to a redshift of
zmax = 1. Contrariwise, cosmogenic neutrinos can come from a redshifts above one, as they
are not absorbed by interactions. Their flux is only reduced by the adiabatic expansion of the
universe. Therefore, it is impossible to estimate a robust confidence interval for cosmogenic
neutrinos using a method solely based on UHECR data.
To get a conservative estimate of the cosmogenic neutrino flux, we consider only the redshift
range to which the UHECR fit is sensitive, i.e. zmax = 1. In Fig. 5.8, we show the neutrino ranges
corresponding to the 1σ, 2σ and 3σ contours of the fit with the baseline model combination
(Talys-Sibyll 2.3). The parameter space in γ − m is shown again for comparison. The
dominant impact on the cosmogenic neutrino flux is due to source evolution, which can be seen
by comparing the ranges to the contours in parameter space. In contrast to the 1σ region,
which is limited to positive source evolutions, the 3σ region is unconstrained towards negative
evolution. Hence, if the sources are local, the expected cosmogenic fluxes are very low. The peak
energy of the flux at ∼ 108 GeV implies that these neutrinos are mainly produced on the EBL.
This is because the maximal rigidity found in the fit is not high enough to reach the threshold
for pion-production on the peak of CMB. For higher maximal rigidity the flux from interactions
with the CMB would peak at ∼ 5 · 109 GeV and be much higher due to the higher number
density of the CMB [5].
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Figure 5.8: Allowed range of the neutrino flux (all flavors) from the 3D fit in Fig. 5.4 within
the 1σ, 2σ, 3σ contours (for 2 d.o.f.). The source evolution is in this case defined as
(1 + z)m for a maximum redshift zmax = 1, where m changes within the allowed
fit regions. Estimated sensitivities for future radio neutrino detectors are shown for
comparison: ARA [235], ARIANNA [236], GRAND [103] and POEMMA [237]. The
small panel shows the corresponding contour in γ − m for comparison(this is the
same as the lower left panel in Fig. 5.4). Figures taken from Heinze et al. [3].
Figure 5.9: Allowed range for the neutrino flux (all flavors) in the 3σ region for different model
assumptions. Left: The disintegration model is fixed to Talys and the ranges for
different air-shower models are shown. Right: The shower model is fixed to Sibyll
2.3 and the ranges for different disintegration models are shown. Figure taken from
Heinze et al. [3].
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As the maximum rigidity is strongly constrained by the UHECR fit, the high-energy peak
of the neutrino flux stays relatively robust and located at ∼ 108 GeV. This is in agreement
with Alves Batista et al. [27], where equally low fluxes were predicted. A small but relevant
difference resides in the propagation code, since Alves Batista et al. [27] assume a simplified
redshift scaling of the EBL. The effects of this scaling on the neutrino fluxes are explained in
Alves Batista et al. [153]. If we apply the same simplified scaling, the cosmogenic neutrino flux
in our calculations increases by 50%. Other minor differences come from other details of the
propagation code and the fitting procedure. Differences to other works come from their limiting
assumptions about the source evolution, injected composition or the cutoff energy. Romero-
Wolf and Ave [151] fit UHECRs with a bayesian method, but restrict their fit to positive source
evolution (m ∈ [3.4, 5]), leading to high neutrino predictions. Møller et al. [154] consider only
two injected elements (proton and iron) with the maximal energy fixed to 2.5 ·1011 GeV. For iron
this corresponds to a rigidity Rmax = 1010 GV, which is almost an order of magnitude higher
than in our best fit. This choice again leads to higher neutrino predictions. Das et al. [152]
discuss a fit with only proton and helium injection as their main result, again leading to high
neutrino fluxes due to the higher required rigidity. For a mixed composition, they find similar a
neutrino flux level as in our results.
We now focus on the 3σ contours to study the robustness of our results against changes of
the disintegration and the air-shower model. The ranges for different model combinations are
shown in Fig. 5.9. In the left and right panel of Fig. 5.9 the cosmogenic neutrino flux is shown
corresponding to the blue UHECR contours for the models in the top row and left column of
Fig. 5.5, respectively. As the neutrino flux is mainly impacted by the source evolution, the
main difference between the models therefore comes from the allowed range in m. For the
Sophia-superposition model described in Section 3.2.5, the neutrino production rate depends
on the energy per nucleon which is similar for all species due to the fixed rigidity. Hence the
composition of the neutrino flux dependence is weak for our generic source model. The variations
between the disintegration models are small, resulting in a relatively robust upper bound. For
QGSjetII-04 the flux is small since positive evolutions are disfavoured. For PSB, a sizable
lower limit to the neutrino flux exists, since negative source evolution (local sources) is not
contained in the fit ranges.
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Figure 5.10: Allowed range for the neutrino flux (all flavors) in the 3σ region for different source
evolution. The purple range corresponds to zmax = 1 (same as Fig. 5.8). For the
other curves the source evolution is continued to zmax = 3 either by continuing as
(1 + z)m (yellow) or with a break to flat evolution at z = 1 (green). The smaller
panel illustrates the different choices for the source evolution. Left panel taken from
Heinze et al. [3].
Figure 5.11: Allowed range for the neutrino flux (all flavors) in the 3σ region for the source
evolution fixed to different source classes and for flat evolution. The smaller panel
shows the different source over redshift. Left panel taken from Heinze et al. [3].
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The most significant impact on the neutrino fluxes comes from the extrapolation of the source
evolution to redshifts z > 1, which is unconstrained by UHECR data. We adapt two approaches
for the extrapolation:
An empirical method using a simple continuation of the (1 + z)m parameterization beyond
z = 1 up to zmax = 3. We also test a distribution with a break at z = 1 and a flat (m = 0)
behavior beyond that. The source evolutions and resulting fluxes are shown in Fig. 5.10
Discrete evolution functions of candidate source classes, where the parameter m is not free;
AGN [238, 239], GRB [240], SFR [241] (this evolution includes starburst galaxies), TDE
[242] and a flat evolution. In this case zmax = 5 is used, which is above the cutoff for all
source evolutions used. The source evolutions and resulting fluxes are shown in Fig. 5.11
The most optimistic (1 + z)m extrapolation results in fluxes that are one order of magnitude
below the diffuse neutrino flux observed by IceCube. Since this choice is rather extreme, it can be
considered as the upper limit on the flux of cosmogenic neutrinos for a single dominant UHECR
source population with a rigidity-dependent energy cutoff. A flux at a similar level is found
for AGN evolution. In either scenario, the planned radio-based neutrino detectors will neither
be able to distinguish between source types (Fig. 5.11) nor detect any significant cosmogenic
neutrino signal. It is important to note that a lower-limit on the cosmogenic neutrino flux can
only be defined in a meaningful way, if the source evolution is constrained, either by the choice of
a specific source model or by more information on the UHECR sources from future observations.
5.5 Summary and discussion
In this chapter, we presented a fit of the 2017 Auger energy spectrum and composition mea-
surements. For this, we assumed a single dominant source of UHECRs that accelerates nuclei
up to iron with a rigidity dependent cutoff. Compared to the Auger Combined Fit (CF) [148],
we extended this framework to include the source evolution as an additional free parameter.
Within this model, we studied the effect of the main model uncertainties affecting the UHECR
composition at the source: Nuclear disintegration during propagation and hadronic interactions
in the air-shower development.
In the three-dimensional scan over the main source parameters, (γ, Rmax, m), we find a low
maximal rigidity for all parameter combinations, implying that the observed UHECR cutoff is
not due to the GZK-effect, but instead due to the sources reaching their maximal acceleration. In
γ−m we see a clear correlation: Sources with softer spectral indices (γ & 1), that are compatible
with diffusive shock acceleration, must be local (m < 0). Source classes satisfying this would be
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Tidal Disruption Events [129–131] and low luminosity GRBs [133, 134]. Instead, sources with
stronger source evolution (like star forming rate) require very hard, almost monochromatic,
spectral indices, which are more difficult to explain with a standard acceleration mechanism.
Possible examples are re-acceleration scenarios as those proposed for termination shocks in
starburst and nearby radio galaxies [127, 243, 244]. Both the low maximal rigidity and the
γ − m-correlation are driven by the Xmax-distribution, which allows only for little overlap of
different masses. A larger maximal rigidity leads to stronger disintegration of primaries, with
the secondary nuclei increasing the overlap of different masses. The same is true for a large
population of distant sources, corresponding to large values of m in our fit. This is partly
compensated by the hard spectral indices, which decreases the overlap of different mass spectra.
We discussed the impact of model variations for or all combinations of the disintegration
models PSB, Peanut, and Talys and the air-shower models Epos-LHC, Sibyll 2.3, and
QGSjetII-04. The hadronic interaction model has the largest effect on the UHECR fit. De-
pending on the hadronic model the fit either favors local sources (for Epos-LHC) or those with
stronger evolution (for Sibyll 2.3). Still, the 3σ-region in both cases contains most of the range
in m, such that this result alone does not give a strong conclusion about a preferred source type.
While the source evolution is not constrained from this generic fit, the ejected mass composition
is limited, preferring a mix of mostly nitrogen and helium. The fraction of silicon and hydrogen
depends mostly on the choice of hadronic interaction model, while the disintegration models
affect the fraction of helium injection. Almost independently of the model combinations, we
find a small but non-zero iron fraction in the injection. This result is dependent on our choice of
rigidity-dependent maximal energies: In combination with the low maximal rigidity, that is fixed
by the fit to the ankle region, iron injection is needed to reach the UHECR cutoff. However, we
also showed by a more general injection function that a rigidity-dependent injection is strongly
preferred by the observed Xmax.
More generally, these results show the limitations of what can be inferred with the current
statistics of UHECR data. The data is well described by a generic, rigidity-dependent source
model, which qualitatively represents a wide range of possible source classes. Still, a strong
degeneracy in the parameter space remains, such that no single source class is strongly pre-
ferred. Including data at lower energies below the ankle might break this degeneracy. However,
this requires additional assumptions about extragalactic magnetic field and the transition to
a (possibly) Galactic component below the ankle. These assumptions would again add a high
degree of uncertainty to the model. We did not include the effects of magnetic diffusion in
extragalactic magnetic fields in the propagation study. This assumption is only strictly valid for
a continuous source distribution [201]. The impact of magnetic diffusion depends on the sepa-
ration between individual sources and the strength of intergalactic magnetic fields. It therefore
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introduces several additional parameters with high uncertainties. It was found in Wittkowski
[149] that the inclusion of magnetic fields leads to somewhat softer γ, as the propagated spectra
at lower energies are suppressed. However, apart from shifting the range in γ, we do not expect
magnetic diffusion to affect our results qualitatively.
Additionally, there is an ambiguity in the exact composition due to the large range of mass
fractions at the source allowed by the different air-shower models. With new data from future
experiments the parameter space will likely be more constrained. For example, with more ac-
curate data on the UHECR composition from the AugerPrime upgrade [85], the injected mass
fraction will likely be more constrained. This improved sensitivity might however be sufficient
to break the ambiguity between the different photo-disintegration and air-shower models. Sig-
nificant progress on these models is therefore needed as well to make robust conclusion about
the sources of UHECRs.
The allowed parameter space for the sources of UHECRs could in principle be constrained by
secondary messengers such as cosmogenic neutrinos, if future experiments were sensitive enough
to observe them. We therefore computed the cosmogenic neutrino flux resulting from our fit
to the UHECR data. A lower bound on the cosmogenic neutrino flux is not meaningful, as
local source evolution is not constrained by the fit. However, we find that the upper bound on
the cosmogenic neutrino flux is relatively robust even under model variations. The expected
low flux level makes the detection in future radio based detectors very unlikely. This result
is valid for the assumption of a generic and dominant rigidity dependent source class, which
is preferred by the Xmax data that allows only for a small overlap of masses. However, if a
subdominant population of sources would accelerate protons to higher energies, they would
produce neutrinos more efficiently off the CMB and could enhance the cosmogenic neutrino flux
significantly [154, 155, 159]. On the positive side, the low expected flux of cosmogenic neutrinos
leaves room for the detection of source neutrinos in the future, if there are sources able to




Neutrinos and UHECRs in multi-collision models of GRBs
In this chapter, we discuss gamma-ray bursts (GRBs) in a multi collision internal shock model.
Within this model, the relativistic plasma outflow from a GRB is approximated by a sequence of
discrete shells that collide at different radii producing shocks that accelerate particles. We study
the impact of two model assumptions on the multi-messenger output of the GRB: The initial
distribution of shells and the hydrodynamic model of the collision between a pair of shells. For
these assumptions, we predict the expected flux of source neutrinos and discuss its detectability.
We also discuss the UHECR output spectra qualitatively in relation to the parameters required
by the UHECR fit discussed in the previous Chapter 5.
This chapter is based on the previous publications in Bustamante et al. [1] and Rudolph et al.
[4]. I reimplemented the underlying multi-collision in Python from existing Mathematica
scripts to allow for easier model variations. I also contributed to updating the radiation code
based on NeuCosmA to allow for the treatment of UHECR nuclei. For the first study, my main
contribution was analysing and adjusting the example cases after qualitative changes in the
updated model. Since there were several updates to the model since the initial publication, the
results from this study are updated for this chapter using the most recent version of the model.
For the second study, I contributed to cross-checking the implementation of the alternative
collision models and evaluating the results.
6.1 Gamma-ray bursts
Gamma-ray bursts (GRBs) are among the most luminous astrophysical objects observed [245,
246]. They are short outbursts of gamma rays with energies up to 100 GeV that last only a few
tens of seconds. With luminosities of 1047 −1053 ergs s−1 and a local rate of 1.3 Gpc−3 yr−1 they
are in principle abundant and luminous enough to power UHERCs. They were therefore long
believed to be prime candidates for the sources of UHECRs. However, this theory has recently
been challenged due to the lack of neutrino observations in coincidence with GRBs [113].
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The Burst and Transient Source Explorer (BATSE), operating from 1991, detected more
than 2700 GRBs over its operation time [247], with different luminosities, durations and light
curves. The distribution of the observed GRBs is highly isotropic [248]. Some examples of light
curves detected by BATSE are shown in Fig. 6.1. Another detector is the Swift Gamma-Ray
Burst Mission (Swift), that was launched in 2004 [30] and is still operating today. The Fermi
Gamma-Ray Space Telescope (Fermi) carries two other important gamma-ray-burst detectors,
the Gamma-Ray Burst Monitor (GBM) [32] and the Large Area Telescope (LAT) [31].
The observed gamma-ray bursts can be divided into two classes by their duration. Long
GRBs (LGRB) last between 10 and 100 seconds, while shorts GRBs have durations of less than
2 seconds [249]. LGRBs have been observed in coincidence with core-collapse supernovae [250],
whereas SGRBs are likely to originate from mergers of compact objects (neutron stars or black
holes) [251]. The latter hypothesis was recently confirmed by the coincident observation of
GRB170817A with the binary neutron star merger GW170817 [42]. About 84 % of the GRBs
observed with Fermi-GBM are long GRBs [252]. For both classes of GRBs, the observed elec-
tromagnetic radiation is believed to originate from relativistic plasma jets that are accelerated
by the central engine.
Their high luminosity and inferred high particle densities make GRBs prime candidates for
the sources of UHECRs. However, a significant abundance of baryons at the acceleration zone
in combination with high luminosities, should lead to an efficient production of astrophysical
neutrinos. Additionally, their short duration makes them ideal for neutrino detection, as the
short time window significantly reduces backgrounds. Still, the IceCube collaboration has found
no significant coincidence of astrophysical neutrinos with high-luminosity GRBs, which puts
stringent stacking limit on their contribution to the astrophysical neutrino flux [25]. The simpler
models of the UHECR-GRB connection are therefore mostly excluded, in which cosmic ray
acceleration and neutrino production happens in a single zone in the GRB jet [113, 124, 224, 253].
However, if the production volume is optically thin to photo-hadronic interactions, the neutrino
production is reduced. This is for example the case for multi-collision models, which consider
several regions in the GRB jet. Neutrino and UHECR production is then dominated by different
radii, which relaxes the stacking bounds [254]. Another way to avoid the stacking limits is to
consider only low-luminosity GRBs (LL-GRBs) with luminosities below 1049 erg s−1. They are
more abundant and have longer durations than conventional GRBs, and are partly below the
sensitivity of current experiments due to the lower luminosity. This makes neutrino limits less
constraining. Therefore, LL-GRBs have been considered as the sources of both UHECRs and
astrophysical neutrinos in the more recent literature. [132–134, 255, 256].
The electromagnetic radiation of GRBs shows a strong time variability, which can be as low
as 10 ms. Several light curves observed by BATSE are shown in Fig. 6.1. The observed energy
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Figure 6.1: Four selected light curves measured by BATSE [257] in the > 20keV range. Figures
taken from Bustamante et al. [1].
spectra of GRBs are non-thermal and different models for the exact spectral shape exist. In
their standard analysis the Fermi-GBM collaborations fits four different models: a simple
power law, Band’s GRB function, an exponential cut-off power-law (comptonized model) and a
smoothly broken power law [252]. The mechanism to generate the spectrum depends strongly on
the assumed model, such as whether a purely leptonic mechanism or an abundance of hadrons
is assumed. An additional observable is the GRB afterglow, radiation in the x-ray and/or
optical range that can be observed after the initial prompt gamma-ray emission. The standard
interpretation is that the afterglow is produced by the interaction of the relativistic plasma with
the surrounding medium [258].
Different models for the dissipation mechanism of GRBs exist, see Pe’er [259] for a detailed
review. In the internal shock model, the radiation is created by internal collisions of the plasma
outflow, which generate relativistic shocks that dissipate a fraction of the internal kinetic energy
as radiation [260–262]. Non-thermal electrons that are accelerated in the shock then produce
the prompt gamma-ray emission through synchrotron radiation. The afterglow is generated by
the interaction of the bulk outflow with the surrounding medium. This requires a large efficiency
of the internal shocks, as otherwise the observed afterglow would be too luminous compared to
the prompt emission, which is inconsistent with observations [263, 264].
In photospheric models [265–268], most of the energy is dissipated while the jet is optically
thick to photons (i.e. below the photosphere) resulting in a quasi-thermal spectrum, which is
then upscattered by e.g. inverse Compton-scattering to produce non-thermal radiation. Mag-
netic reconnection models are another alternative [269–274]. In these models, a large fraction
of the dissipated energy is initially transferred to magnetic fields which then dissipates energy
at larger radii through magnetic reconnection. Even in these two alternative models, internal
shocks can play an important role in transferring the initial kinetic energy to radiation. For ex-
ample the sub-photospheric emission in photospheric models might be driven by internal shocks
[265]. The model presented in this chapter is a version of the classical internal shock model.
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Figure 6.2: Schematic illustration of the fireball evolution from the initialization with equal
distances, evolution and collision of a pair of plasma shells. See Section 6.2.1 for
details. Figure taken from Bustamante et al. [1].
6.2 Internal shock model with multiple collisions
In the internal shock model, the observed GRB emission is generated by an outflow of plasma
shells. When they collide with each other, (mildly) relativistic shocks form that accelerate par-
ticles to relativistic speeds, converting the kinetic energy of the shells to radiation. A schematic
illustration is shown in Fig. 6.2.
The properties of the light curve like its duration T , luminosity Lγ and variability timescale
tν are then attributed to distribution of the parameters of the initial shells, such as the sepa-
ration, Lorentz factor and kinetic energy. Depending on the number and distribution of initial
shells, each shell can collide and merge multiple times during the fireball evolution. This re-
sults in a distribution of collisions with different parameters, which depend non-linearly on the
initial engine setup. For a stochastic distribution of the initial shell parameters, the collision
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parameters will be distributed around an average collision radius, where most of the energy is
dissipated. One-zone collision models therefore assume only a single collision, for which rep-
resentative parameters are derived from observations, such as the bulk Lorentz factor ⟨Γ⟩ and
average luminosity [121, 124, 224, 275–278]. Assuming that the variability in the observed light
curve tν is connected to the initial separation between shells leads to relations for the collision
radius Rcoll and width of the emitting region lcoll:
Rcoll = 2⟨Γ⟩2
c · tν
1 + z and lcoll = ⟨Γ⟩
c · tν
1 + z . (6.1)
The relation for the radius Rcoll is derived under the assumption that the average relative velocity
between shells is ∆β ≈ 1/2Γ2 [275, 279]. The same relations can also be derived independently
from the curvature of the emitting shell [280]. The results obtained from this single collision are
then scaled up to the whole burst assuming a total number of collision Ncoll = T90/tν , where
T90 is the time in which 90% of the energy is dissipated.
This simplified one-zone model is justified given that observations only provide averaged esti-
mates such as a bulk Lorentz factor ⟨Γ⟩ and total luminosity Lγ . Still, in more realistic models,
the collisions are distributed over a wide range of radii, reaching from below the photosphere
to the circumburst medium. This affects the particle output, as the acceleration and produc-
tion efficiencies for different messengers scale differently with the radius. Multi-Collision models
therefore simulate the full evolution of the GRB fireball from its initial setup to the circumburst
medium. These models then also predict the time profile of the light curve by assuming that
each collision emits a gamma-ray pulse.
In this chapter, we discuss such a multi-collision model for long GRBs. We assume a full
distribution of Nsh = 1000 initial shells, which evolve dynamically in the fireball by colliding
and merging. The radiated spectra are then calculated as the superposition of all individual
collisions. This approach introduces many new free model parameters such as the initial shell
distribution and the hydrodynamic model used for individual collisions. The discussion of these
models parameters is complicated by the fact that they can only be indirectly related to the
observations such as light curves and gamma-ray spectra. We therefore focus mostly on the
qualitative features and their impact on the prompt neutrino fluxes.
Multi-collision models have been developed to explain fast time variability of GRBs and the
variety in their observed light curves. Instead of calculating the outflow from GRBs in a full
magneto-hydrodynamic simulation, these models approximate it with a discrete number of shells
and make use of simple analytic approximations for the collision of a pair of shells [281–285].
While some of these models make slightly different assumptions in the analytic descriptions, a
major difference comes from the initial setup of the shells. The initial shells are emitted with
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a distribution of Lorentz factors Γ, which is in principle arbitrary. The distribution should
reproduce observed GRB light curves qualitatively, however it is not straightforward to predict
from the initial Lorentz factor distribution without a full simulation. Similarly, the energy and
mass distribution (related by Ekin = Γ · m) is a free parameter.
From the initial setup, the fireball is evolved over all collisions between two shell, which in
most models merges them into a single shell. Each collision transfers a fraction of the initial
kinetic energy into internal energy that is radiated away. The evolution then proceeds until the
shells reach the circumburst medium. An important quantity is the efficiency of conversion of
kinetic to internal energy ϵ = Ediss/Ekin. It depends both on the initial distribution of shells as
well as the details of the collision mechanics. The remaining kinetic energy will be visible in the
afterglow, for which the energy budget is constrained by observations.
We use the model from Kobayashi et al. [281] as our collision model and explore the impact of
different initial shell distributions and collision assumptions. The collision model is introduced
in more detail in Section 6.2.1. To calculate the radiation from the individual collisions, we
use the NeuCosmA code. The details of the radiation model are given in Section 6.2.2. In
practice, the fireball evolution is computed in an object-oriented Python code, which were
fully reimplemented from existing Mathematica scripts originally written for Bustamante et al.
[254]. This code generates the relevant collision parameters for the radiation calculations. These
are then handed over to a C-code based on NeuCosmA to perform the performance intensive
radiation calculations. The version used in Bustamante et al. [1] was only able to treat protons.
We since updated the C-code to the most recent NeuCosmA version to treat the full nuclear
cascade, while also significantly adjusting the code and interface to Python to allow for more
flexibility in changing the model assumptions.
6.2.1 Hydrodynamic collision model
A GRB jet is a continuous outflow with fluctuating energy and particle densities. We refer to
the regions with high densities as shells. A full magneto-hydrodynamic simulation even in one
dimension is computationally expensive. We therefore use a simplified analytic approximation
following Kobayashi et al. [281], in which each shell is box-shaped with constant width and
density.
In this simplified model, the k-th shell is fully defined by its mass mk (or kinetic energy Ekin,k),
width lk, Lorentz factor Γk and (current) radius Rk. Other dependent properties can be derived,
like the speed βk, the volume Vk = 4πR2klk (assuming spherical geometry) and density ρk. In
principle each property of each individual shell is a free parameter of the model. However, the
shell parameters are usually defined from a stochastic distribution with a few macroscopic burst
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parameters. We will discuss both stochastic and structured initial distribution in Section 6.4.
The choice for the initial kinetic energy Ekin,k of each shell is another free parameter, typical
choices are equal-mass or equal-energy. We will discuss the impact of this choice later. From
this setup, the system is evolved until all shells reach the circumburst medium at Rmax, giving a
distribution of collisions with different parameters. Note that the one-zone estimate in Eq. (6.1)
is derived using a stochastic initial distribution in Γk, for more structured distributions in Γk it
does not necessarily hold.
A collision happens when a rapid (index r) catches up to a slow (index s) shell. The merged
(index m) shell’s Lorentz factor Γm is derived from momentum conservation and assuming






The internal energy available for radiation is then the difference of kinetic energies before and
after the (inelastic) collision:
Eint,m = mrΓr + msΓs − (mr + ms)Γm . (6.3)
The simplest assumption is that all of the internal energy is radiated in relativistic particles
(Ediss,m = η Eint,m with η = 1). Modifications to this assumption will be discussed in Section 6.5.
The Lorentz factors of the forward (fs) and the reverse shock (rs) are determined by
Γfs (rs) = Γm ·
⌜⃓⃓⎷1 + 2Γm/Γs (r)
2 + Γm/Γs (r)
. (6.4)




c (βr − βrs)
. (6.5)
Note that this timescale is observed Doppler-boosted. The merged shell is compressed by the








The parameters of the collision (Ediss, Γcoll = Γm, δtem, lcoll = lm, Rcoll = Rm) are then used
for the radiation modelling. The merged shell then continues to propagate in the fireball.
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Figure 6.3: Time evolution in the source frame of average shell mass ⟨m⟩/⟨m0⟩, standard
deviation of the Lorentz factor σ(Γ)/σ(Γ0), and total free energy of a burst,
Eisoint,tot/E
iso
int,tot,0. The ranges are from numerical results for 1000 simulations run
with random initial setup for the parameter values Nsh = 3000, Γ0 = 100, AΓ = 0.2,
δteng = 10−3 s, d = l, z = 2, and Eisokin,0 = 1052 erg. The dashed lines show analytical
estimates for the time evolution from from Beloborodov [283]. Figure updated from
Bustamante et al. [1].
Due to momentum conservation there is a limit on the total energy that the fireball can
dissipate as radiation. It is reached when all shells have merged into a single shell with the total
mass Mtot =
∑︁
k mk. The available free energy of a burst can therefore be calculated by the




(Γk · mk − Γcm · mk) = Γcm(Minv − Mtot) , (6.7)
where Minv =
√︂
E2tot − p2tot is the invariant mass of the system and the center of mass Lorentz
factor is calculated as ΓCM = Ekin,tot/Minv. The available free energy is therefore larger for
higher spread in the initial Γ factors. Since in each collision a fraction of the available kinetic
energy is radiated away, the spread in Γ decreases with the fireball evolution. As a result of
mass conservation, the average mass per shell increases with each collision.
This evolution is illustrated in Fig. 6.3, which shows the time evolution (in the source frame)
of macroscopic burst parameters for a full fireball simulation: Average shell mass ⟨m⟩/⟨m0⟩
(subscripts of zero indicates values at simulation start), standard deviation of the Lorentz factor
σ(Γ)/σ(Γ0), and total available internal energy of the burst Eisoint,tot/Eisoint,tot,0. The numerical
results of our simulation match the analytical power-law estimates from Beloborodov [283],
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which assume small fluctuations in the initial Lorentz factors, i.e. AΓ ≪ 1. Deviations are
visible at late times, when the number of remaining shells is low and the analytical predictions
are no longer applicable. This late deviation depends strongly on the random initial setup, so
we show ranges obtained after running 1000 different simulations.
For the calculations of the shell and the collision properties, we follow exactly the model
presented in Kobayashi et al. [281]. Some of the analytic formulas are slightly different in
Daigne and Mochkovitch [282] (also used e.g. in Globus et al. [122], Bosnjak et al. [286]). For
example the merged Lorentz factor Γm in Eq. (6.2) is the value after the two shells have fully
merged. If the shells have significantly different masses, most of the energy is dissipated in the
initial phase of the collision, where the lighter shells sweps up a mass equal to its own in the
more massive shell. Daigne and Mochkovitch [282] therefore use Eq. (6.2) for equal mass as
the more representative formula to calculate the Lorentz factor during the energy dissipation
Γcoll =
√
ΓrΓs. For the merged shell and dissipated energy one still has to use Eq. (6.2) and
Eq. (6.3) to comply with energy and momentum conservation. Also, Daigne and Mochkovitch
[282] use a different estimate for the energy density in the radiation zone, without explicitly
relying on the merged shell width lm. Note that the degeneracy between these model choices
cannot be broken, as neither is fully accurate. They all approximate a continuous outflow, where
neither of the parameters are actually discrete. Important for the results is the qualitative scaling
of the collision parameters, such as its volume, which scales with R2coll in both cases. While some
quantitative differences therefore may come from the model choices, the qualitative features are
the same in either model.
6.2.2 Radiation model
The collision parameters derived in the previous section are used for the computation of the
energy density and the emission spectra in the merged shell frame (primed). The computations
are done in the isotropic-equivalent picture assuming an observation angle of θobs = 1/Γ. The
total luminosity injected into the radiation zone is L′diss,m ≃ E′diss/δtem. We assume that this
available energy is distributed among the accelerated protons (ϵp), electrons (ϵe), and the mag-
netic field (ϵB), with the fractions normalized to ϵp +ϵe +ϵB = 1. The energy in each component
is then E′p,γ,B = ϵp,γ,B · E′diss. We further make the assumption that the non-thermal electrons
lose energy quickly via synchrotron radiation, implying that gamma rays will carry a comparable
amount of energy ϵγ ≃ ϵe. To fix the fractions, we assume a baryonic loading of ϵp/ϵγ = 10. We
further assume equipartition between photons and the magnetic field resulting in the fractions
ϵγ = ϵB = 1/12 and ϵp = 10/12.
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We do not treat the acceleration of protons explicitly, instead we assume a power-law injec-
tion spectrum motivated by Fermi shock acceleration n′p(E′p) ∝ (E′p)−2 exp(−E′p/E′p,max). The
maximal energy E′p,max is determined as the energy where the acceleration rate t′−1acc ≃ c/R′L
(where R′L is the Larmor radius) equals the losses due to photomeson interactions and adiabatic
expansion. The spectrum is then normalized to the available total energy with the fraction ϵp.
We do not compute the photon spectrum explicitly by self-consistent radiation calculations.











−α , if ε′ < ε′break
(ε′/ε′break)
−β , if ε′ ≥ ε′break
(6.8)
with spectral indices α = −1 and β = −2 below and above the break energy ε′break = 1 keV,
respectively. We assume a maximal photon energy of ε′max = 106 GeV, which is reduced for high
luminosities when γγ-annihilation is efficient. The normalization is performed equivalent to the
proton case with the fraction ϵγ . While the value of the maximal energy is an ad-hoc choice,
the energy densities depend (at most) logarithmically on the maximal and minimal energies.
The coupled differential equation system for this model is mathematically similar to the
UHECR propagation problem in Section 3.2, however with a static photon-targed field and
additional processes such as particle escape and synchrotron losses. It is evolved to the steady
state using the current version of NeuCosmA [124], which takes photo-hadronic interactions,
photo-disintegration, adiabatic cooling and synchrotron losses into account. The neutrons es-
cape freely, whereas the protons are magnetically confined and escape only from the boundaries
(within their Larmor radius), referred to as “direct escape” [172]. This assumption implies that
close to the photosphere the UHECR emission is dominated by neutron escape, and for large
collision radii by direct proton escape [254]. The mechanism for UHECR escape is currently
discussed, and it is likely that several competing components contribute; see discussion in Zhang
et al. [133]. The implementation for secondary particle emission is described in great detail in
Biehl et al. [124]. The results presented in Section 6.4 were first published in Bustamante et al.
[1], where we used an older version of the radiation code, in which the energy budget was nor-
malized to the steady state density instead of the injection luminosity. The (more consistent)
normalization to the injection luminosity leads to slightly lower UHECR fluxes, see the appendix
of Biehl et al. [124] for a detailed comparison. The updated version of NeuCosmA can also
treat the injection of heavier nuclei treating the full nuclear cascade. Therefore, all results from
Bustamante et al. [1] shown in this chapter are updated using the current code version and ex-
tended by examples for UHECR nuclei injection. The results in Rudolph et al. [4] were already
done with the updated code.
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Note that our model does not account for the emission from sub-photospheric collisions. We
define these as collision for which the optical depth to Thomson scattering τT is larger than
one. We estimate τT by assuming that the number of thermal electrons is equal to the density
of thermal baryons Ne = Np ≃ mshell/mproton = Ekin,shell/(Γmproton). With the commoving
electron number density n′e = Ne/V ′m and shell width l′m, we then get:




Note that we use the proton mass here to estimate the electron number density. For nuclei
the ratio of nucleons to electrons is modified only by Z/A ≈ 1/2, which is negligible in most
cases. For large values of τT the photons scatter inside the shell, producing a thermal spectrum
that differs significantly from our assumption of a fixed broken power-law. Even if cosmic-rays
were accelerated efficiently in this range, they would not not reach UHECR energies due to the
high radiation densities. There might however be a significant contribution of sub-photospheric
collisions to the neutrino flux. Our neutrino flux estimate should therefore be considered as a
minimal prediction. We chose examples in which the fraction of sub-photospheric collisions is
small to reduce the impact of this effect. For the neutrino fluxes, we show a sub-photospheric
extrapolation as shaded areas, for which we still use a non-thermal photon spectrum even though
it is not fully realistic.
For the time structure of the burst, we assume that each (super-photospheric) collision emits
a a gamma-ray pulse. We parameterize the shape of the pulses (in the observers frame) with a
fast rise and exponential decay normalized to the energy output, see Bustamante et al. [1] for
details. This shapes follows from the curvature of an emitting spherical shell. The observed
light curve of the burst is then the superposition of all pulses propagated to Earth.
6.3 Stochastic baseline model
We will explore the impact of the GRB engine model in Section 6.4 and the collision model
in Section 6.5. In both cases we compare to a baseline model with a purely stochastic engine
with Lorentz factors sampled from a log normal distribution. The relevant features of the multi-
collision model will therefore be introduced in detail for the baseline model in this section.






= A · x , (6.10)
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(a) Initial shell setup (b) Lightcurve (c) Dissipation radii
Figure 6.4: Collision dynamics of the stochastic baseline model GRB1 with Eγ , iso = 5.7·1052 erg
and constant energy injection: (a) Initial Γ distribution of the shells sampled from
Eq. (6.10) with A = 1, Γ0 = 500 and δt = 10−2s. (b) Synthetic light curve in
gamma-rays and neutrinos considering all collisions beyond the photosphere. Each
peak is normalized to the luminosity of the collison Ecoll,diss/δtem. (c) Distribution
of collisions by their dissipated energy over the collision radius. The density profile
was created by computing 20 different random seeds for the initial setup. Left and
middle panel updated from Bustamante et al. [1].
where x is sampled from a Gaussian P (x)dx = exp(−x2)/
√
2πdx. The distribution is fully
defined by the bulk Lorentz factor Γ0 and spread A. The spatial separation between shells is
assumed to be equal and the same as their width (Lk = lk = δtk · c, with a temporal separation
of δtk = 0.01s for relativistic shells). We choose the burst parameters as Γ0 = 500 and A = 1
for 1000 shells with a constant energy outflow of Ek,kin = 1052 erg. The actual observable
quantity is the gamma ray output Eγ,tot. It varies with the efficiency ε = Ediss,tot/Ekin,tot,
which is calculated from the burst evolution. We therefore renormalize Ek,kin after the burst
simulation to give a fixed gamma-ray output of Eγ,tot = 1053 erg (including both sub- and
super-photospheric collisions). For this setup, about 40% of the energy is dissipated in sub-
photospheric collision, the observed Eγ,tot is therefore reduced by this percentage.
The fireball dynamics are shown in Fig. 6.4: The left panel shows the initial shell setup,
the middle panel the resulting light curve in gamma rays (green) and neutrinos (red) and the
right panel the distribution of collisions by their dissipated energy over radius. The light curves
in both particle species are dominated by fast time variability and show no other prominent
features. However, there is also no direct correlation between the height of peaks in either
light curve. The dissipation radius shows a broad distribution around an average radius. The
dissipated energy per collision is relatively peaked around a value of Ediss = 2 · 1051 erg, with
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(a) Particle prodution regions (b) Maximal UHECR energy
Figure 6.5: Radiation output for the stochastic baseline model GRB1: (a) Energy dissipated
in neutrinos, gamma rays and UHECRs as a function of radius. For UHECRs we
consider cosmic rays above 1010 GeV in the source frame. The photosphere is marked
by grey shaded areas. In the dark-shaded areas, all collision are sub-photospheric,
while in the light shaded area both sub- and super-photospheric collisions occur.
Sub-photospheric collision are not considered for particle radiation. (b) The average
maximal UHECR energy (upper panel) as well as the average magnetic field and
optical depth to pγ-interactions (lower panel, different y-axes marked by colors) all
as a function of radius. The shaded regions in all panels show the fluctuations for
20 representations of the initial stochastic shell setup.
later collisions dissipating less energy on average. Note that the whole fireball moves with a
bulk speed of c · β ≈ c towards the observer, while the light still has to reach the observer with
c. There is therefore almost no correlation between the radius of the collision and the time of
its observation. Instead, the time structure of the light curve depends on the relative position of
the collision inside the fireball. Due to the random structure of the initial setup, neutrino-bright
collisions, that happen at small radii, are therefore equally distributed in the light curve. This
will change for more structured initial setups in Section 6.4.
The dependence of the radiated particles on the radius is shown in Fig. 6.5. For this plot
we compute 20 different representations drawn from the initial distribution to account for the
stochastic fluctuations in the initial sample. In these figures, we show the average as a solid
curve and the region between the edge cases as shaded bands.
The left panel (a) shows the differential energy dissipation in the engine frame for the dif-
ferent messengers: neutrinos, UHECRs (defined here above 1010 GeV) and gamma rays (with
high-energy gamma rays above 1 GeV). In the dark-shaded region, all collisions occur below the
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photosphere, while in the light-shaded region, the collision may be above or below the photo-
sphere (depending on the other collision parameters). Neutrinos originate near the photosphere
due to the high radiation density; UHECRs prefer intermediate collision radii since high mag-
netic fields are required for efficient acceleration – but not as high that radiation losses (such
photo-hadronic interactions) limit the maximal energy; gamma rays trace the region where most
energy is dissipated, i.e. they correspond to the distribution of collisions in the right panel of
Fig. 6.4. The high-energy gamma rays escape only at larger radii, where their maximal energy
is not limited due to pair-production.
Since the astrophysical messengers originate dominantly from different radii, the initial setup
of shells and the collision model have important impact because they generate the distribution
of collisions over radii. The statistical fluctuations from the initial shell setup (shaded areas)
imply some variability in this picture, however they are small in the region where most energy
is dissipated and do not change the qualitative picture. Modifications to the model assumptions
will have a stronger qualitative impact.
The evolution of the maximal UHECR energy is shown in Fig. 6.5 (b). The lower panel
shows the magnetic field B′ (left axis, black curve) and the optical thickness to photo-hadronic
interactions τpγ evaluated at Ep,max(Rcoll) (right axis, green curve). Both scale with the collision
radius, τpγ ∼ R−2coll and B′ ∼ R
−1
coll. This scaling explains the shape of the maximal UHECR
energy in the upper panel. At low radii, the maximal energy is limited by interactions, while
at high radii acceleration is not efficient as the low magnetic fields cannot confine the particles.
The highest UHECR energies are therefore reached at intermediate radii. As we only consider
UHECRs above 1010 GeV (red shaded range), the total UHECR output in panel (a) has a similar
shape as the maximal energy.
6.4 Implications of the GRB engine properties
To illustrate the impact of the GRB engine, we now choose different examples of the initial Γ
setup. A purely random distribution in Γ always leads to light curves dominated by fast time
variability as energetic collisions happen mostly between neighboring shells. We therefore now
discuss more structured setups for the initial engine. In Bustamante et al. [1] we show a total of
ten different cases (including the appendix). We limit the discussion here to the three cases that
show the most qualitative differences, GRBs 3-5. We stick to the numbering from Bustamante
et al. [1] for easier comparison. Note that the calculations have been redone with an updated
version of the NeuCosmA code, which affects the particle output slightly. The most relevant
change is a corrected factor of (1 + z) for the neutrinos leading to 3 times lower integral energies
and light curves, while the observed fluxes not affected.
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Table 6.1: Description of the initial setup of the GRBs 1 and 3–5
Model Γ0,1 AΓ,1 Γ0,2 AΓ,2 Tp Eisoγ,norm Description
1 500 1.0 – – – 1053 erg Fixed Γ and AΓ; baseline model
3 50 0.1 500 0.1 0.34 1053 erg Sawtooth Γ (linear slowdown three
times) with narrow distribution
4 50 0.1 500 1.0 0.2 1053 erg Oscillating Γ (five periods) with in-
creasing distribution width
5 50 0.1 500 0.1 0.2 1053 erg Oscillating Γ (four periods) with lower
amplitude increasing and narrow dis-
tribution
Common values for all models: Nsh = 1000, δteng = 10−2 s, d = l = c · δteng, rmin = 103 km,
rdec = 5.5 · 1011 km, z = 2, ϵe = ϵB = 1/12, ϵp = 5/6, η = 1.0 (acceleration efficiency [172]). The
period Tp for the oscillating cases refers to Γ changing between Γ0,1 and Γ0,2, and AΓ changing
between AΓ,1 and AΓ,2; Tp is a fraction of the total number of emitted shells. This means that
Γ and AΓ change between first and second value with a factor sin2 (k/(Nsh · Tp) · π), where k is
the index of shell (1 ≤ k ≤ Nsh). For GRB 5, the lower amplitude increases from Γ0,1 to Γ0,2
linearly with k.
Table 6.2: Output parameters of the simulated GRBs 1 and 3–5.
Model Ncoll tv [ms] T90 [s] ε [%]
GRB 1 988 ± 2 55 ± 0 53.9 ± 0.5 25.8 ± 0.8
GRB 3 949 ± 4 35 ± 0 33.0 ± 0.4 10.0 ± 0.2
GRB 4 983 ± 3 53 ± 0 51.7 ± 0.3 21.6 ± 0.3
GRB 5 990 ± 2 59 ± 1 58.2 ± 0.6 10.9 ± 0.2




GRB 1 5.92 ± 0.29 1.89 ± 0.14 4.82 ± 0.35 8.2 ± 0.6
GRB 3 6.34 ± 0.18 0.86 ± 0.09 1.17 ± 0.25 1.8 ± 0.4
GRB 4 5.31 ± 0.23 1.08 ± 0.06 3.11 ± 0.17 5.9 ± 0.3
GRB 5 8.94 ± 0.03 0.43 ± 0.02 0.16 ± 0.01 0.2 ± 0.0
The parameters are: variability timescale (tv), duration T90 (defined as the time where 90% of
the energy is dissipated), total energy emitted as gamma rays (Eisoγ,tot), as protons (Eisop,tot), as
neutrinos (Eisoν,tot), ratio between neutrino and gamma-ray energies (Eisoν,tot/Eisoγ,tot), and overall
emission efficiency ε. Energies are computed using super-photospheric collisions only. Only
protons in the UHECR energy range above > 1010 GeV are counted. The efficiency ε is defined
as the ratio of total energy dissipated by all types of particles (gamma rays, protons, neutrinos)
to the total kinetic energy initially available.
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Figure 6.6: Initial shell setup (a), resulting light curves (b) and dissipated energy over radius
(c) for the GRBs 3–5 with the setup generated by the parameters in Tab. 6.1. The
format is the same as shown for the baseline model in Fig. 6.4. Left and middle row
updated from Bustamante et al. [1].
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Figure 6.7: Particle production regions for neutrinos, UHECRs and gamma rays for the GRBs
3–5. The format is the same as shown for the baseline model in Fig. 6.5, left panel.
The initial shell setup and resulting light curve and dissipation radii are shown in Fig. 6.6.
The parameters used to generate the initial shell setups are shown in Tab. 6.1 Note that there
is not always a simple correlation between the shell setup and the light curve. Fast regions
with low variability need slower shells in front to collide with, otherwise they will dissipate only
little energy and not affect the observation significantly. Fast regions with strong variability will
however dissipate energy fast, which slows them down. They can then collide with other regions
later in the fireball evolution.
GRB 3 consists of three pulses that each have a slowdown in Γ. This leads to three separated
pulses in the light curve. The overlaid fluctuations in Γ are smaller, leading to less a pronounced
time-variability than in the baseline model. Due to the slowdown of the first pulse, the first
emitted shells do not have a target to collide with, leading to low dissipation efficiency. The two
later pulses can instead collide with the tail of the preceding pulse. The first pulse in the light
curve thus has a much smaller amplitude than the two later pulses. GRB 4 has an oscillating
period, where five regions with high amplitude and fluctuations alternate with slower regions.
This leads to five distinct peaks in the light curve, each overlaid with strong time-variability.
GRB 5 also shows a periodic amplitude, where however the lower amplitude increases during
emission. The overlaid fluctuations are small. This leads to a more structured light curve, which
is dominated by a large initial peak, produced when the faster shells in the rear run into the
front.
The structure in the initial setup can be seen in the dissipation radii in Fig. 6.6, right column.
GRBs 3 and 5 both have a bimodal distribution: A large number of collisions have low Ediss,
they are due to the overlaid fluctuations. Most of the energy is dissipated in a few collisions,
which happen when the larger structures in the outflow collide. The later collisions happen at
slightly larger radii. As GRB 4 has structured pulse overlaid with strong variability, it has a
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broad distribution in the collision parameters, which is a mix of GRB 1 and 3.
As discussed in Section 6.3, the different messengers come from different radii, as the pro-
duction efficiency scales differently with radius for neutrinos and UHECRs. While this relation
qualitatively holds in the more structured cases, the effect is more complicated due to the bi-
modal distribution of collisions. The particle production regions for GRBs 3–5 are shown in
Fig. 6.7. Close to the photosphere the particle output looks similar to GRB1 for all cases, i.e.
Rcoll ≈ 5 · 108 − 5 · 109 km the neutrino flux peaks directly at the photosphere and falls steeply
while UHECRs at slightly higher radii peak around Rcoll = 109 km. This initial dissipation
is due the fluctuations in Γ, which are smaller for GRB 3 and 5 and therefore have a lower
energy output at these radii. For GRBs 3 and 5, most of the energy is instead dissipated around
1010 km, where the different regions of the fireball collide. Most neutrinos are produced in these
more luminous collisions, which are at high enough radii to also accelerate UHECRs. The sepa-
ration between production radii is therefore not as pronounced in structured GRBs. For GRB5
most of the energy is actually dissipated at large radii, such that the overall neutrino output
is small. For GRB 4 there is a second bump as well, but it is not as pronounced, as a lot of
energy is already dissipated by the early collisions. We will discuss this further for the expected
neutrino fluxes in Section 6.4.1 and the UHECR output spectrum in Section 6.4.2.
The non-linear evolution of the fireball leads to an ambiguity in the interpretations of the
light curve in terms of initial shell distribution. We chose here distinct examples to discuss the
qualitative effects. With enough fine-tuning one could in principle find multiple, qualitatively-
different initial setups that produce similar light curves. There is no straightforward way to
infer the engine properties from the light curve.
6.4.1 Impact on the expected neutrino fluxes
The IceCube collaboration has derived a stacking limit on the contributions of GRBs to the
diffuse neutrino flux [24, 25]. To compare to this limit, we scale the neutrino fluence prediction
for a single GRB (Fνµ) from our calculations by a rate of Ṅ = 667 yr−1, i.e. Jνµ = Fνµ ·Ṅ ·(4π)−1,
the same rate that was assumed in the IceCube analysis. As this assumes all GRBs to be
identical, it only gives a rough estimate of the exclusion limit. A detailed prediction of the
neutrino flux would have to model each GRB in the observed catalogue individually requiring
some kind of automatic algorithm, which is difficult due to the large ambiguity in the model
parameters. Still, the assumption of equal GRBs gives an estimate of whether specific types of
GRBs can be excluded as the dominating contribution.
Fig. 6.8 shows the neutrino fluxes calculated for the baseline model (GRB1) and the alternative
engine setups GRBs 3-5. The total energy output in different species is given in Tab. 6.2. Note
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Figure 6.8: All-sky quasi-diffuse νµ + ν̄µ fluxes for the simulated multi-zone GRBs 1 and 3–6.
The flux prediction for pure proton injection (orange, solid) and pure iron injec-
tion (orange, dashed) only considers super-photospheric collisions. A realistic mixed
composition would produce a flux in the range indicated by the orange shaded re-
gion. The grey shaded region gives the potential contribution from sub-photospheric
collisions. The dominant contributions from individual collisions are shown as thin
curves, corresponding to cases where the optical depth to photo-hadronic interac-
tions τpγ is larger (red) or smaller (blue) than unity. The IceCube 2017 upper limit
is taken from the latest GRB stacking search using tracks from the Northern and
Southern Hemisphere [25]. Figures updated from Bustamante et al. [1]
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that the initial kinetic energy for each GRB was renormalized to result in comparable gamma-
ray outputs of ∼ 5 · 1052 erg. The level of the neutrino fluxes are therefore impacted only by
the different engine setups. Slight differences to Bustamante et al. [1] in these plots come from
the new version of the NeuCosmA code used. A line for the neutrino production for pure iron
injection is added (dashed line).
We show the prediction for the neutrino flux for super-photospheric collisions (orange curve).
As mentioned before our radiation model is not accurate for sub-photospheric collisions, where
the photon spectrum thermalizes and UHECR are not accelerated as efficiently. We still show
an extrapolation of our model for these collisions up to an optical depth of τpγ < 20 (grey curve),
to get an estimate of the maximal contribution. A realistic sub-photospheric model would likely
produce less neutrinos than this extrapolation due to the lower peak photon energy of a thermal
spectrum. We also show the individual collisions that contribute most to the total flux. Their
color indicates whether they are optically thin (blue) or thick (red). The two fluxes for the two
GRBs that are dominated by fast variability (GRBs 1 and 4) produce neutrino fluxes on similar
levels of (2 − 3) · 10−11 GeVcm s sr . The flux here is dominated by optically-thick collisions. The fluxes
for the other two GRBs 3 and 5, are lower due to their more disciplined engine. The smaller
variability in Γ leads to higher collision radii and therefore optically-thin collisions. For GRB 3
there are only a few dominant collisions that lead to a flux level of 1 · 10−11 GeVcm s sr , which is close
to the level of the baseline model GRB1. These happen at the onset of each pulse, as can be seen
from the neutrino light curve in Fig. 6.6. The engine of GRB5 is more disciplined, leading to
the lowest peak flux level around 1 · 10−12 GeVcm s sr . For iron injection the neutrino flux is lower by
a factor of ∼ 2 and peaks at slightly lower energy for all models. A realistic mixed composition
would produce a neutrino flux in between the proton and iron result as indicated by the orange
shaded area.
Note that most observed long GRB light curves do not have the pronounced features seen
for GRB 3 and 5 and are instead dominated by fast variability. The expected neutrino flux
level for the whole population is therefore likely to be relatively robust at the level predicted
for GRB 1 and 4. Still these predictions are significantly lower than what would be expected
from one-zone models, where only a single collision with an intermediate radius is calculated and
then upscaled to the total emission. The average parameters used in this calculations are derived
from gamma-ray observations, which are not necessarily representative for neutrino calculations.
While one-zone models are already strongly challenged by the current neutrino limits, the more
realistic multi-zone limits relax this limit.
Note that we did not fit the resulting ejected UHECRs to the observed spectrum for this
study but instead chose a baryonic loading of 10. The energy budget in UHECRs (see Tab. 6.2),
however, suggests that this value has to be increased by a factor of a few to reach required total
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energy output per GRB of ∼ 3 ·1053 ergs [224]. The neutrino flux will therefore also be increased
by the same factor. The qualitative impact on the shape of the UHECR output will be discussed
in the following section.
6.4.2 Impact on the UHECR spectrum
The shape and normalization of the UHECR spectrum depends not only on the radiation model,
but also on the distribution of the collision parameters and therefore by extension on the initial
shell setup. We therefore discuss the UHECR output of the GRBs 1 and 3–5. While the main
results are for pure proton composition, they still give some qualitative insight on the parameters
required to power UHECRs. We also show the spectra for pure iron injection to illustrate the
other extreme case. A realistic fit to the Auger composition would require a mixed injection.
The energy output for the models GRB 1 and 3–5 in Tab. 6.2 ranges from 0.5 − 2 · 1052 erg,
this means they are all are relatively efficient UHECR emitters. The impact of the engine setup
on the total UHECR output is less severe compared to the neutrino output. To power UHECRs
an energy output of 3 − 11 · 1053erg is needed depending on the exact source evolution [224].
This implies an increase in baryonic loading of a factor ∼ 10, where the simulations presented
here were done with a fixed baryonic loading of ϵp/ϵγ = 10. This would increase the cosmogenic
neutrino fluxes by roughly the same factor, with some smaller non-linear effects due to e.g. a
shift in the photosphere. Still, these would be slightly below the current IceCube GRB limit.
Considering only the rough energy budget, it is therefore still feasible that GRBs can be the
sources of UHECRs.
The GRB models also produce a spectral shape and composition that can account for the
UHECR observations after propagation. As seen by the parameter scans in Chapter 5, these
should be hard spectra with a maximal rigidity of ∼ 2 · 109 GV for GRB evolution (roughly
SFR). The spectra for our GRB simulations with pure-proton injection are shown in Fig. 6.9,
separated by their escape mechanism: In the ‘direct escape’ (red) case, a fraction of protons
escapes directly through free streaming. This escape is limited by their Larmor radius, which
scales with energy, leading to hard escape spectra. For ‘neutron escape’ (marked blue) photo-
hadronic interactions of protons produce neutrons, which are not magnetically confined and
escaped freely. They then decay back to protons outside of the source.
Neutron escape dominates at high luminosities, where also neutrino production is efficient.
As seen in Fig. 6.9 the escape spectrum is in all cases dominated by direct escape. The relative
contribution of neutron escape depends on the model in a similar way to the amplitude of
neutrino fluxes, since for collisions with high luminosity, both neutron escape and neutrino
production are effective. For GBRs 1 and 4 the strong fluctuations in Γ lead to smaller average
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Figure 6.9: Ejected cosmic ray spectrum for GRBs 1 and 3–5 for pure protons composition. The
spectrum is shown for direct escaping protons (red) and neutron escape (blue). The
total spectrum (grey) is in all cases dominated by direct escape. The spectra of each
individual collision are shown as thin curves with the same color scheme.
collision radii. This causes a significant contribution of neutron escape spectra at a level of 1/5
of the total flux. Still, the overall shape is only slightly affected. For the other two models with
more disciplined engines, the contribution from neutron escape is negligible.
The maximal energy for UHECRs scales with the collision radius. At low radii, it is limited
by interactions due to high luminosities, while at high radii the acceleration rate decreases due
to decreasing magnetic fields. There is therefore a sweet spot for reaching the highest maximal
energies at intermediate radii. The total spectrum is however a superposition of all collisions.
Compared to simple one-zone models, which would have a shape similar to the spectra of a
single individual collision, the shape of the UHECR spectrum is therefore significantly altered
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Figure 6.10: Ejected cosmic ray spectrum for GRBs 1 and 3 for pure iron composition. The spec-
trum is grouped by the particle charge (see legend). The spectra of each individual
collision are shown as thin curves with the same color scheme.
in our multi-zone model.
As seen in Fig. 6.9 for direct escape there are a few collisions with high luminosity, but low
maximal energy and many collisions with lower luminosity, but larger maximal energy. In the
purely stochastic case, their contributions balance each other producing a total spectrum that is
significantly softer than the individual spectra. The maximal energy of > 1010 GeV reached in
this case is actually higher than the maximal rigidity required to fit UHECRs, while the overall
spectrum is too soft. The more disciplined engines produce collisions at higher radii. Their total
spectra therefore peak at lower energies. The collisions with smaller radii but higher maximal
energy contribute less, leading to a smooth cutoff of the total spectrum.
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Of course, a realistic model accounting for the Auger composition would require nuclei in-
jected into the source. As the other extreme case, we show the spectra for pure iron injection
in Fig. 6.10. This reveals that the qualitative effect for nuclei injection are similar to those
discussed for protons. At low radii, the maximal energies are limited by disintegration, which
produces a nuclear cascade resulting in a large flux of secondary protons. The relative ampli-
tude of this proton component is higher for the GRBs with stronger variability. The spectrum
of escaping iron is dominated by optically thin collisions, where the maximal energy is limited
by the acceleration rate. The escape spectra of intermediate masses are small. A fit to the ob-
served composition would therefore require a mixed mass injection. The acceleration and escape
rates are determined by the Larmor radius, such that the maximal energy scales with charge
if losses are sub-dominant (Peters cycle). Iron injection therefore reaches ∼ 26 times higher
energies than protons. While the maximal energy is sufficient to fit the observed spectrum of
UHECRs, the superposition of the individual spectra leads to a total spectrum that is likely too
soft considering the hard spectral indices that are required by the UHECR fit in Chapter 5.
From this qualitative discussion, a more disciplined engine would be required to produce
UHECR spectra that could fit the propagated UHECR flux, especially the hard spectral indices.
The distribution of collision radii should be relatively peaked, as otherwise the superposition
of the different spectra makes the total spectrum too soft as seen in Fig. 6.9. While the GRB
examples presented here produce spectra that are likely too soft to fit the observations, it has
been demonstrated in Globus et al. [122] that GRB multi-collision models can in principle
produce a reasonably good fit to the Auger spectrum and composition. While Globus et al.
[122] showed this only for a single disciplined engine setup without variability, there are certainly
complex correlations between GRB engine parameters and the required injection composition.
At the same time, we demonstrated that the neutrino flux depends on the engine setup, especially
its variability. The predicted level of neutrino flux is therefore likely to distinguish between
different engine setups.
6.5 Implications of the collision model
As discussed before, one problem of the internal shock model is the low efficiency of the conver-
sion from kinetic to dissipated energy. This is because the kinetic energy that is not dissipated
will affect the afterglow, which is constrained by observations. Also, higher kinetic energies
require more extreme assumption for the acceleration models, requiring them to either accel-
erate more bulk mass or to accelerate the same mass to higher energies. Kobayashi and Sari
[284] therefore proposed an Ultra-efficient model, where in each collision only a fraction of the
internal energy is radiated. The remaining energy results in a splitting of the merged shell,
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with two shells in the final state. While individual collisions are less efficient in this model, the
overall efficiency of the fireball is higher, because the two remaining shells can produce more
subsequent collisions. In most cases, the fireball will almost fully thermalize, converting almost
all free kinetic energy to radiation.
To explore the effect on the observed neutrino fluence, we therefore discussed different models
of the individual collisions in Rudolph et al. [4]. In this section, we focus on the Ultra-efficient
model, where only a fraction of the internal energy in Eq. (6.3) is radiated and the rest leads to
a splitting of the shell, i.e. Ediss = η · Eint with η = 0.5. To compare to the baseline model, we
also discuss the Reduced Efficiency model, in which also only η = 0.5 of the internal energy is
radiated but the remaining internal energy leads to an adiabatic expansion of the merged shell
instead.
In Rudolph et al. [4], we also discuss the validity of these two assumptions by performing
hydrodynamic simulations using the Pluto code [287]. As discussed before in Kino et al. [288],
a splitting into two shells is dependent on the parameters of the two shells. It mainly happens
for similar shell masses mr ≈ ms, but large difference in speed Γr ≫ Γs. This is viable for
the initial collisions, if one chooses an equal mass setup for the initial shells. To emphasize the
model differences, we therefore choose an equal mass setup minit,k = const. in this section (in
contrast to the equal energy setup used in the last section). However, the Ultra-efficient model
relies on this also happening in later stages of the fireball, where the spread in Γ is already
reduced due to previous collisions. We explored a model, in which each collision in the fireball
is directly calculated using Pluto. This model will not be discussed further here, both to keep
the discussion short and because I did not directly contribute to the Pluto simulations. Note
however that the results of this model are qualitative comparable to the Reduced Efficiency
model, as the Ultra-efficient model applies only to a small fraction of the collisions.
For the same initial setup, the Ultra-efficient model would produce many more collisions and
therefore different observables than in the baseline model. We therefore choose different initial
setups for the models to produce comparable observables like burst durations, variability times
derived from the light curve, and total gamma-ray luminosities. By construction, all GRBs are
normalized to release the same amount of energy in photons in the optically thin regime of
∼ 5 · 1052 erg. The burst duration ist determined by the initial size of the system (the sum of
all initial shell widths and separations), which matches among the different models. The time
variability only depends on the number of collisions for a constant burst duration, which scales
with the number of initial shells. In the Ultra Efficient model, shells do not merge when colliding,
leading to substantially more collisions for the same number of initial shells. We compensate for
this by reducing N shellsinital = 1000 to 125. As this affects the fraction of subphotospheric collision,
we now normalize only the superphotospheric collision to a value of 5.2 · 1052 erg for comparable
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Table 6.3: Qualitative comparison of the different collision models. Here N shellsinital is the number
of shells ejected by the source, lshellsinitial are the initial shell widths (assumed to be equal
for all shells) and N shellspost−coll. is the number of shells produced by a single collision. In
each collision, the dissipated energy is given by η ≡ Ediss/Eint, and the width of the
shell(s) after the collision is given by lshellspost−coll..
Initial setup Single collision result







Reference 1000 0.01s 1 1 < lr + ls
Reduced Efficiency 1000 0.01s 1 0.5 = lr + ls
Ultra Efficient 125 0.08s 2 0.5 lr, ls
Table 6.4: Output parameters for different collision models
ϵ [%] tν [ms] Ncoll
Reference 35.8 ± 1.4 55.2 ± 1.3 970.1 ± 3.3
Reduced Efficiency 17.9 ± 0.7 54.8 ± 1.3 976.0 ± 3.3
Ultra Efficient 36.0 ± 4.3 47.5 ± 10.7 1107 ± 220
Etotkin [1054 erg] Eisop,tot/Eisoγ,tot Eisoν,tot/Eisoγ,tot
Reference 1.75 ± 0.07 0.42 ± 0.03 0.29 ± 0.05
Reduced Efficiency 3.50 ± 0.13 0.56 ± 0.04 0.24 ± 0.05
Ultra Efficient 1.76 ± 0.22 0.62 ± 0.06 0.14 ± 0.06
results. For the baseline model this results in roughly the same norm as normalizing all collision
to 1053 erg as in the previous section. In all cases, we assume an engine with a constant mass
outflow and constant up- and downtimes, thus equal initial shell widths and separations. An
overview of the model parameters is given in Tab. 6.3. The results for the different models are
shown in Fig. 6.11, values of the resulting output parameters are given in Tab. 6.4.
As the change to an equal-mass setup has a significant quantitative impact, we show the
baseline model again for equal-mass in Fig. 6.11a. For two shell collisions, the conversion effi-
ciency per collision εcoll is highest for equal masses, where it asymptotically approaches 1. In
contrast, the maximal efficiency in the equal energy case is limited to εcoll ≤ 0.3 [288]. For this
setup a few of the initial collisions therefore have very high Ediss, while the bulk of collision
happens at higher radii and lower energy (middle panel). As more energy is dissipated close to
the photosphere, the neutrino flux is enhanced relative to the equal energy case. Fluctuations
of the initial setup have a stronger impact, as the dissipation is dominated by fewer collisions.
Otherwise the result is qualitatively similar to the equal-energy case in Fig. 6.4 and Fig. 6.5.
The results for the Reduced efficiency model are shown in Fig. 6.11b, with the baseline model
overlaid as dashed curves. Deviations are visible at large radii, where the magnetic field is lower,
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(a) Baseline model with equal mass
(b) Reduced efficiency model
(c) Ultra-efficient model
Figure 6.11: Illustration of the fireball radiation output for different collision models. The format
is the same as in Fig. 6.4 and Fig. 6.4. In contrast to Section 6.3, these were done
with an initial equal mass setup. The different collision models are: (a) Baseline
with equal mass, (b) Reduced efficiency and (c) Ultra-Efficient. The initial shell
setup is purely stochastic as for GRB 1 in Fig. 6.4, but with fewer shells in the
Ultra-Efficient model. See Section 6.5 and Tab. 6.3 for details on the models.
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maximal UHECR energies are higher and more energy is released in UHECRs. The reason for
this is that the merged shells expand to due to the remaining internal energy, thus shells in
the later stages have larger width. The radiation density is therefore decreased for collisions
in the later stage of the fireball compared to the baseline model. The initial collisions behave
similar to the baseline model, such that the neutrino output is almost unchanged. Note that the
overall efficiency ε decreases proportional to η by about 50%. To compensate this, the initial
kinetic energy in this model is therefore slightly higher, as we normalized to the total gamma-ray
output.
Fig. 6.11c shows the output of the Ultra-Efficient model. We choose fewer initial shells in this
model, to reproduce approximately the same number of collisions. This implies a larger initial
separation and width, and consequently larger collision radii. Additionally in the late stage of
the fireball, the thermalized shells frequently bounce off each other producing many collisions
with very low Ediss (middle panel). The shells at larger radii have larger widths compared to the
baseline model, resulting in lower magnetic fields and larger UHECR energies. Consequently,
the UHECR output is slightly increased similar to the Reduced Efficiency model. The neutrino
output is slightly decreased, as the collisions are shifted to larger radii. The efficiency of the
Ultra-Efficient is increased to ε ≃ 36% compared to the Reduced efficiency with the same
dissipation per collision of η = 0.5. This efficiency is close to the baseline model with η = 1.0.
Since we normalize to Eγ,tot, the initial kinetic energy is higher by a factor of 2 in the Reduced
efficiency model.
Overall, the impact of the collision model is rather small. While the Ultra-Efficient produces
many more collisions at higher radii, these contribute little to the total dissipated energy. The
neutrino output is only affected within a factor of 2. While the fluctuations are higher in the
Ultra-Efficient model, they will average out for a population of sources. Additionally, hydrody-
namic simulations show that a splitting into two shells as in the Ultra-Efficient needs a specific
setup to work, while the baseline model is more realistic for most of the parameter space. In
Rudolph et al. [4], we therefore discussed a more realistic model in which each collision is com-
puted in Pluto resulting in a model that is qualitatively similar to the Reduced Efficiency
model, but with higher overall efficiency closer to the baseline model. However in any case,
the impact of the collision model is small compared the effect of different initial engine setups
that was discussed in Section 6.4 and the choice of the initial energy distribution (equal-mass
or equal-energy).
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6.6 Summary and discussion
In this chapter, we explored the internal shock model of GRBs. In this multi-collision model,
the outflow of the GRB jet is simulated as a sequence of discrete relativistic plasma shells with
different speeds, which emit radiation in cosmic rays, gamma rays and neutrinos when they
collide. In contrast to one-zone models, which consider only a single representative collision,
multi-zone models consider multiple collisions with very different physical conditions.
We demonstrated with different examples how the initial setup of the central engine can
produce various features of observed GRB light curves. The collisions are determined by the
spatial separation and speed difference of the shells. If the initial distribution of shell speeds is
‘disciplined’, the initial collisions will only dissipate little energy, producing small peaks with fast
time variability. Broader peaks in the light curve can instead be produced by the collisions of
different regions in the fireball with different average speeds. On average, the collisions for these
‘disciplined’ GRBs happen at larger radii, producing relatively small neutrino fluxes. If however
the initial distribution of speeds is broader, the initial collisions between neighboring shells will
have high efficiency. This leads to a light curve that is dominated by fast time variability.
For such GRBs, the neutrino production efficiency is always high, since the initial collisions
happen at small radii with high radiations densities. The GRBs with strong variability seem
more representative for the catalogue of observed long GRBs, which consists mostly of simple
light curves, while the cases presented in the literature are typically those with more interesting,
non-trivial features.
A general feature of the multi-collision model is that the different messengers come from
different regions of the fireball: neutrinos are produced at low radii, where radiation densities are
high; UHECR protons come from intermediate region, where efficient acceleration and radiation
losses are balanced; and high-energy gamma rays tend to come from larger radii, where their
maximal energy is not limited by pair-production. This leads to a smaller predicted neutrino
flux compared to one-zone predictions. The average production region in one-zone models is
more compact, since it is determined from tvar following Eq. (6.1).
In addition to the initial GRB engine we have tested the impact of different models of the
individual collisions in the internal shock scenario. Compared to the Baseline model, in which
all internal energy is dissipated per collision, we introduced two alternative models: A Reduced
Efficiency model, in which a fraction of the internal energy remain in the shell and leads to
adiabatic expansion and an Ultra-Efficient model in which the remaining internal energy leads
to a splitting into two shells in the final state.
The Ultra-Efficient model was introduced to alleviate the efficiency problem of the internal
shock model, i.e. if the internal shocks do dissipate a high enough percentage of the kinetic
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energy, it will lead to a high prediction for the afterglow, which is in tension with observations.
While the Ultra-Efficient model dissipates less energy per collision, the two remaining shells
lead to more subsequent collisions and therefore a higher overall efficiency ε. While this model
does indeed increase the efficiency, it cannot be reconciled with hydrodynamic simulations, as
the splitting in two shells requires rather specific parameters of the colliding shells [4]. Even if
these are realized for the initial collisions, they will not be realistic for the full fireball evolution.
Still, the collision model comparison shows that the multi messenger emission is relatively robust
under details of the hydrodynamic model. The conclusions derived for different engines in the
Baseline model for the particle emission should therefore be relatively robust.
For the different setups of the initial GRB engines we also predicted the expected neutrino
fluxes for a fixed rate of 667 yr−1 and all equal GRBs, as it was also assumed for the IceCube
GRB stacking limits [24]. For this fixed rate and a baryonic loading of 10, the expected flux is
at a level of 10−11 − 10−10 GeVcm2 s sr , which is still below the current limit. However, the expected
flux is likely within of IceCube-Gen2 [99].
Note that for this study the baryonic loading of 10 and pure proton composition were an
ad-hoc choice and therefore lead to a somewhat arbitrary normalization of the neutrino flux.
If GRBs are actually the sources of UHECRs the baryonic loading and composition can be
deduced from a fit to the UHECR data. We only discussed the impact of such a fit qualitatively.
From energy budget considerations, the UHECR output of our model with a baryonic loading
of 10 will not be sufficient and the baryonic loading will have to be increased by another factor
of ∼ 10. Additionally, the shape of the ejected UHECR spectrum is relatively soft due to
the superposition of many different collisions. The total spectrum will be even softer for the
superposition of the emission from many different GRBs. An UHECR output compatible with
the hard spectral index found for our generic parameter scan therefore likely requires a tuning of
the assumptions for engine setup, composition and escape assumption. Still, it was demonstrated
in Refs. [122, 123] for one specific setup, that the GRB multi-collision model can in principle
provide a good fit to the UHECR spectrum and composition. An open question is how much
fine-tuning this requires for the source parameters. By combining the technology of the UHECR
fit for the generic model and the multi-collision model developed for this thesis, we therefore
aim to study the impact of engine parameters on the UHECR fit in a more systematic approach.
This will also give a robust prediction of the of source neutrino flux, and reveal which sensitivity
is required to robustly reject GRBs as the sources of UHECRs.
The conclusion that neutrinos, UHECRs and gamma-rays come from different dissipation
radii means that their fluxes are not always linearly related. Stacking analyses, such as that
performed by IceCube [24], usually assume simple analytic models that scale the neutrino flux
with the gamma-ray luminosity. In more realistic models the scaling with gamma-ray luminosity
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is more complicated. We demonstrated that the observed light curve can be used as an additional
indicator of the neutrino production efficiency. This could be used in future stacking analyses
to scale the neutrino emission more realistically, which might result in stronger stacking bounds




Case study of GRB170817A: off-axis neutrino emission
In this chapter, we discuss the expected neutrino flux from GRB170817A. This specific GRB has
gotten large attention in the recent literature as it was observed in coincidence with the gravi-
tational wave event GW170817. As the first gravitational wave event with an observed electro-
magnetic counterpart, it constitutes a significant breakthrough in multi-messenger astronomy.
GRB170817A is an outlier in the observed population of GRBs with very low luminosity, which
has been explained in terms of different jet models, including an off-axis observations. We will
discuss the expected neutrino fluence from this event, considering different jet scenarios.
This chapter is based on the previous publication in Biehl et al. [2]. For this study, I derived
the analytic scaling relations for the off-axis neutrino flux. I also contributed to cross-checks of
the numerical results and the evaluation of the parameter scan.
7.1 Observations of GW170817 and GRB170817A
On August 17th 2017 the LIGO and Virgo detectors observed the binary neutron star merger
GW170817. It was the closest and most precisely localized gravitational wave event to that
date. 1.7 s later, a short GRB, GRB170817A, was observed in spatial coincidence by the
Fermi-GBM and INTEGRAL detectors [42]. The event was eventually also observed in the
X-ray [289, 290] and radio [291, 292] bands. In total the electro-magnetic follow up campaign
included over 70 different observatories. A detailed overview can be found in Abbott et al. [43].
The UV, optical, and near-infrared counterparts have been interpreted as a kilonova [293–295],
which shows evidence for the synthesis of heavy elements through the r-process [296, 297]. The
afterglow of the event, that has since been observed, is rather unusual. It shows an exceptionally
long rise until 160 days after the event and a rapid decline thereafter [298, 299].
Fermi-GBM measured the duration of the burst T90 = 2.0±0.5 s and the minimum variability
timescale tv = 0.125 ± 0.064 s [300]. With the accompanying gravitational wave signal, the
redshift of the source was determined to be z = 0.008+0.002−0.003, which corresponds to a distance
of roughly 40 Mpc [43]. The host galaxy of the event was identified as the nearby galaxy
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NGC 4993 [301], which is consistent with the redshift. From the observed gamma-ray flux of
Fγ = (5.5±1.2)×10−7 ergs cm2 measured by Fermi-GBM [300], the isotropic equivalent luminosity
of the source can be estimated as Lγ = 1046.9 erg s−1, and a corresponding isotropic equivalent
energy output of Eγ = 1.6 · 1047 erg. This value is exceptionally low, making GRB170187 a dim
outlier in the population of observed GRBs [42].
By default Fermi-GBM uses four different spectral shapes to fit the spectral energy distri-
bution (SED) of each observed GRB. For this event the best fit was found for a comptonized
spectrum [42], which we will use in this chapter. We use the 256 ms time-integrated selection
from T0-0.192s to T0+0.064s, for which the fit yields a spectral index of α = 0.14 ± 0.59 and
a peak energy Epeak = 215 ± 54 keV [300]. The observations do not give conclusive informa-
tion on the Lorentz factor Γ and the observation angle θobs of the initial prompt emission. We
therefore treat them as free parameters. They can however be constrained, for example by the
time delay between gravitational wave and electromagnetic signal [302, 303], as we will discuss
in Section 7.2.
Follow-up searches in high-energy neutrinos by ANTARES, IceCube and Auger collabora-
tions [304] found no coincident events in a wide energy range (100 GeV to 100 EeV). These
results were discussed in terms of generic models of neutrino emission from neutron-star binary
mergers [305, 306], re-scaled to the observed distance and luminosity. However, no direct pre-
diction of the neutrino flux for this event GRB170818A had been derived previous to Biehl et al.
[2].
7.2 Considered jet models and radiation model
The very low luminosity of the prompt emission of GRB170817A has been accounted to the
jet geometry [42]. We will consider two of the discussed jet scenarios: A structured jet with
low-luminosity and a uniform top-hat jet observed off-axis (similar to the simple and advanced
models in Denton and Tamborra [307]). These two geometries are illustrated in Fig. 7.1. Cocoon
emission has been discussed as another mechanism to explain the dimness of GRB170817A.
However, it will not be considered here. See also Mooley et al. [308] for a more detailed discussion
of possible geometries and their constraints.
When considering an off-axis observation, it is important to clearly distinguish between the
Lorentz factor Γ of the jet and the Doppler factor D. The latter is used to boost from the jet
rest frame to the observer’s frame. The Doppler factor is given as a function of off-axis angle θ
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Figure 7.1: Illustration of different jet geometries and corresponding angles used in this work.
Figure taken from Biehl et al. [124]
and Lorentz factor Γ by
D(θ) = 1Γ(1 − β cos θ) ≈
2Γ
1 + θ2Γ2 . (7.1)
For a jet observed on-axis this means D(0) = 2Γ. Note that studies of a whole population of
sources, such as in Chapter 6, typically assume an average observation angle of θ = Γ−1, giving
D = Γ. Because of this the Doppler and Lorentz factor are not always clearly distinguished in
the literature. However, in the off-axis scenario this distinction is important.
Structured jet: In this scenario the jet is assumed to be structured in the sense that it has
different characteristics, such as luminosity Lγ and Lorentz factor Γ, depending on the jet axis
under which it is observed (Fig. 7.1, A). The dimness of GRB170817A is then simply explained
by us observing the event at an axis with lower luminosity. Note however that the observer will
also be exposed to the off-axis emission from the other axes of the jet, which are illustrated by
Γ′ and Γ′′ in the figure. While they are suppressed due to their Doppler factor, they might still
overshoot the on-axis radiation if the gradient in luminosity in the jet is too high. This implies
that the Γ-factor and brightness must not change too rapidly with the viewing angle. As long
as these variations are small, the structured jet can be treated as a low luminosity top-hat jet
observed on-axis. We will therefore also refer to this case as “low luminosity” jet.
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Off-axis observation: In this scenario, we assume a uniform top-hat jet that is observed off-
axis (Fig. 7.1, B). For an off-axis observer, the luminosity of the jet is suppressed due to the
Doppler factor, which depends on the angle between the edge of the jet and the observation
axis θobs. The details of these transformations will be discussed in Section 7.2.2. We do not
impose any direct constraint on θjet, but we will see a transition in the luminosity scaling around
θobs ≃ θjet due to the observed geometry. While the jet-opening angle θjet is not inferable from
observations, we use the estimate θjet ≃ 1/Γ to demonstrate this transition.
In both scenarios, we assume a one-zone internal shock model in a relativistically expanding
fireball. The radiation model is similar to the radiation part of the multi-collision model in
Section 6.2.2, but with some collision parameters like luminosity fixed by the observations. For
an on-axis observer, this fireball is not distinguishable from a sphere expanding into the full
solid angle, which allows to treat the fireball in the isotropic-equivalent picture. For the low
luminosity jet we can take the observed quantities at face value, while for the off-axis scenario,
we have to transform the observation to the on-axis frame as a function of (θobs, Γ).
7.2.1 One-zone model and dissipation radius
Compared to the multi-zone model in the previous chapter, we only compute a single collision
for the one-zone internal-shock model. The result is then scaled to the total number of collisions
estimated by the duration and variability of the burst as Ncoll ≈ T90/tν . The critical input
for the neutrino production efficiency of this collision are the gamma-ray (isotropic equivalent)
luminosity Lγ and the collision radius Rcoll where the shells in the jet collide, shocks form,
and particles are accelerated. The collision radius and width of the radiating shell is typically
estimated by the relations introduced in the previous chapter, Eq. (6.1), where Rcoll ≃ 2Γ2ctν .
The effect of cosmological redshift can be neglected in this case due to the small redshift under
which GRB170817A was observed. Note that in this formula Rcoll and Γ are both given in the
source frame, while tv is given by the on-axis observation. The radius Rcoll therefore indirectly
depends on the observation angle, as tv scales with θobs
As we discussed for the multi-collision models, radiation from the emitting shell can only be
observed if the shell is optically thin to Thomson scattering. The optical thickness to Thomson
scattering was derived in Eq. (6.9). Using the one-zone estimates and solving for photospheric













7.2 Considered jet models and radiation model
where Eiso,on is the total isotropic equivalent energy in γ-rays for an on-axis observer, ε is the
conversion efficiency of kinetic energy to total dissipated energy, and ξA is the baryonic loading
defined as ratio between energy in protons and photons in the Fermi-GBM energy band from
10 to 1000 keV. The efficiency ε is not predicted by the one-zone input parameters ⟨Γ⟩ and tν .
We therefore use use ε = 25% as an estimate corresponding roughly to the average values found
in Chapter 6. The collision can only be observed if Rcoll & Rph, which therefore constrains the
baryonic loading. As the photospheric radius scales with the ratio ξA/ε, this means that lower
values for ε corresponds to a lower maximal baryonic loading for fixed Rph. Note that there is
no lower limit on the baryonic loading from observations. While the maximal baryonic loading
limits the neutrino fluence prediction, there is no guaranteed neutrino flux for this GRB.
In addition to the lower limit due to Rph, the collision radius is also constrained from above
by the observed time delay between the gravitational-wave and gamma-ray signals of tdelay =
1.7s [42]. Assume that the emission originates from the collision of two shells with Lorentz
factors Γ1 and Γ2 and Γ1 ≪ Γ2. If we assume that the first shell is emitted at the same time
as the gravitational wave and the second one with a time delay of tdelay, they will collide at a
radius Rcoll ≈ 2Γ21ctdelay. The upper limit on the collision radius for Γ1 < 100 is therefore around
R ∼ 109.5 km. For the measured tν = 0.125 ± 0.064 s the estimated collision radius is between
107 and 108 km, which is well below this upper limit. Additionally, the time delay imposes a
limit on the observation angle. The plasma jet travels with speed β · c, while the gravitational
wave travels with c. If they are emitted at the same time, this alone leads to a difference in the
observation of the gamma-ray and gravitational wave signal of [303]
tγ − tGW =
Rcoll
β · c
(1 − β cos(θobs)) . (7.3)
This implies only an upper limit on θobs, since the observed time delay could be partly accounted
for by a delay between the neutron star merger and the jet launch.
The numerical simulation for these one-zone estimates are done using NeuCosmA, following
essentially the methods for the radiation of a single shell in the multi-collision model described
in Section 6.2.2. For the target photon spectrum, we assume the observed SED as mentioned in
Section 7.1. The one-zone model however needs the on-axis magnitudes such as luminosity as
input. If we assume an off-axis observation, the observed values therefore have to be transformed
to the on-axis frame first. The resulting fluxes then needed to be transformed back to the off-axis
frame. These transformations will be discussed in the following section.
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7.2.2 On-off-axis transformations
For an emitting shell moving at relativistic speed, the observed quantities such as energy and
time will be Doppler shifted depending on the observation angle and Lorentz factor of the
emitting shell
t = D(θobs)−1 t′
E = D(θobs) E′
(7.4)
with the Doppler factor in Eq. (7.1). These transformations are valid for quantities such as the
peak energy Eγ,peak, which can be defined in the shell frame. They are however not necessarily
valid for observed quantities that have to be integrated over the geometry of the emitting shell.
Such quantities are the isotropic equivalent energy Eiso and variability time tv, and the duration
T90 which is only defined for the whole burst.
The scaling of the isotropic equivalent energy Eiso depends on the observed spectral flux
Fν (measured in [erg s−1 cm−2 Hz−1]) emitted by the radiating surface of the shell, which is
integrated over observed time, area and frequency. As the observation is dominated by different
regions of the surface depending on the observation angle, Eiso scales differently depending on
whether the observer is inside or outside of θjet. A full derivation can be found in the Appendix
of Ioka and Nakamura [309], arriving at:
Eiso(θobs) ∝
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
const for θobs . 0
D(θobs)2 for 0 < θobs . θjet
D(θobs + θjet)3 for θjet < θobs
(7.5)
These three regimes have different geometrical interpretations:
θobs < 0: The observer is in the jet-opening angle, which means that the jet looks like a spherical
fireball. Most radiation comes from the angles close to the viewing axis. This is the classical
on-axis case, in which the jet is not distinguishable from a sphere expanding over the full
solid angle.
0 < θobs . θjet: The observer is outside the opening angle, but only at a small angle from the jet
edge. Therefore the jet geometry still contributes, and the observed flux is to be integrated
over the observable part of the jet surface close to the edge.
θjet < θobs: The observer sees the fireball under a larger angle. All observed regions of the fireball
surface then have approximately the same Doppler factor. Therefore the jet looks like a
point source to the observer.
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Due to these transformations the same jet clearly looks different when observed on- or off-axis.
However, in our case the observations (Eγ , Epeak, tν , T90) are fixed. We are instead interested
in what they imply for values in the shell rest frame, if they are interpreted as either on- or
off-axis. To derive these relationships, we define the ratio of the on- and off-axis Doppler factors
as
b ≡
⎧⎨⎩ D(0)/D(θobs) for 0 ≤ θobs . θjeta D(0)/D(θobs + θjet) for θjet < θobs (7.6)
with a = D(2θjet)/D(θjet) chosen by demanding that b is continuous in θobs. Note that with this






2 for θobs < θjet
b3 for θjet < θobs
, (7.7)
while the peak energy is simply Doppler shifted by
Epeak,on
Epeak,off
= b . (7.8)
Similar to Eiso, the variability timescale has to be integrated over the shell geometry, as the
radiation from different parts of the shell surface is delayed depending on θobs. This means that





−1 for θobs < θjet
b−1/2 for θjet < θobs
. (7.9)
There is a disagreement about the scaling of the duration T90. Salafia et al. [310] argue that
the observed burst duration T90 does not change depending on the observation angle because it
is defined in the source frame, which is at rest relative to the observer. However, in Abbott et al.
[42] it is implied that the duration of the burst T90 scales with b depending on the observation
angle as well, as they assume a fixed number of collisions Ncoll. We chose not to re-scale T90
with off-axis angle, which implies a larger number of collisions Ncoll according to Eq. (7.9)
(Ncoll ≃ T90/tv) in the on-axis frame. While this may be counter-intuitive, the physical picture
is that the many peaks in the light curve observed on-axis are smeared out off-axis as discussed
in Salafia et al. [310]. The observer therefore cannot distinguish all collisions, leading effectively
to a smaller time variability if observed off-axis. The quantitative effect is small anyway, as
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the number Ncoll drops out from the computation to a first approximation, since the injected
Lγ is divided by Ncoll while the neutrino flux is scaled up by Ncoll. The smaller value of tv in
the on-axis frame only slightly increases the neutrino production efficiency because it is used to
estimate the shell width and collision radius. We have also checked numerically that the impact
of re-scaling T90 does not change the qualitative picture.
7.2.3 Scaling of the neutrino flux with observation angle
The relationships reported in Section 7.2.2 describe the relation between on- and off-axis observ-
ables, leading to e.g. lower observed energies for an off-axis observer if the on-axis observables
are fixed. Conversely, if the off-axis observables are fixed by observations, higher energies and
shorter timescales are obtained in the shell frame. Note that the on-axis observables still have
to be boosted to the shell frame with the Doppler factor D(0)−1 = 1/(2Γ). While the secondary
radiation in the shell rest frame is higher for the off-axis interpretation, it is then reduced by
the boost back to the off-axis observer. Still, there is a net effect leading to a higher neutrino
flux for larger θobs. In the following analytical discussion, we focus on the case of small angles
θobs < θjet for the off-axis transformations. Quantities in the shell frame are expressed by primed
quantities (e.g. E′).
The gamma-ray peak in the shell frame is shifted to higher energies as E′γ,peak ∝ b, which
implies that the neutrino production threshold is lower. As E′ν,peak ∝ 1/E′γ,peak (higher gamma
energies lead to lower production thresholds), the peak of the observed neutrino spectrum will
scale with Eν,peak ∝ b−2. The neutrino production efficiency fν (the energy fraction the protons
dumped into neutrino production) scales with the particle densities in the shell which depend
on the luminosity and the dissipation radius. It can be estimated for the on-axis case from the






if the synchrotron cooling of the secondaries is neglected. For small angles θobs ≤ θjet, the
product Epeaktv is invariant under the observation angle and fν transforms proportional to
luminosity Lγ = Eγ,iso/tν as fν ∝ b3/Γ4.
As the ratio Eν,iso/Eγ,iso is invariant under observation angle while the neutrino peak is shifted
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This means that the expected neutrino flux is enhanced for fixed baryonic loading if the obser-
vation is interpreted as off-axis- rather than on-axis-emission, while it is also shifted to lower
energies.
Since the baryonic loading is limited by the photospheric radius in Eq. (7.2), the scaling of
Eiso ∝ b2 has an additional implication for baryonically loaded jets. As the baryon and electron
densities scale with the energy density, the shells are more opaque to gamma rays if observed
off-axis with the same gamma-ray flux. The scaling can be read off from Eq. (7.2), where only














This condition effectively limits θobs and Γ for a fixed baryonic loading if the emission ought to
come from the dissipation in internal shocks beyond the photosphere. It can be used to estimate
the maximal allowed baryonic loading for which the shell is still transparent at Rcoll from the











For larger baryonic loadings, the radius where internal shocks develop will be below the pho-
tosphere – where gamma-rays cannot escape. This is therefore the maximal baryonic loading
allowed for the internal shock model. The neutrino flux computed for this value then also
corresponds to the maximal allowed flux within this model.
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Figure 7.2: Fluence of νµ + ν̄µ for GRB170817A assuming pure proton (solid) or iron (dashed)
injection. The input parameters are z = 0.008, LX ∼ 1047 erg s−1, tv = 0.125 s, as
given in Abbott et al. [43], Goldstein et al. [300], and Γ = 30. The 1σ-region includes
the uncertainty of the measurement of these parameters given in Section 7.1. The
black scale indicates how the fluence will change with the baryonic loading ξA, with
the grey percentage representing the fraction of the total mass of the NS merger. For
a baryonic loading greater than ξA = 103, this collision would be sub-photospheric
according to Eq. (7.13), indicated by the horizontal red line. Neutrino limits are
taken from Albert et al. [304]. Figure taken from Biehl et al. [2].
7.3 Neutrino flux predictions
First, we assume a structured (low luminosity) jet observed on-axis as described in Section 7.2,
where the Lorentz factor is fixed to Γ = 30. Fig. 7.2 shows the predicted fluence of muon
neutrinos for pure proton injection modeling GRB170817A. As shown already for the multi-
zone model in Section 6.4.1, injecting nuclei heavier than protons in GRBs shifts the cutoff of
the neutrino fluence to lower energies, while there is only a slight impact at the peak. The effect is
actually smaller here compared to the multi-zone model, since we only compute a single collision
at an intermediate radius, for which both elements reach the same maximal rigidity. The solid
curve has been computed with an initial baryonic loading of ξA = 100. As indicated by the scale
on the left side of the plot, the flux level scales directly with ξA, as we assume that the SED is
fixed to the observations. If the SED was computed self-consistently, its shape would likely be
affected by high values of ξA, which would also change the neutrino flux prediction. The blue
band includes the 1σ-uncertainties on the measured duration T90, time variability tv, redshift z,
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(a) Dependence on Γ (b) Dependence on θobs
Figure 7.3: Fluence of νµ + ν̄µ for GRB170817A and with: (a) different values of the Lorentz
factor Γ in the structured jet case with fixed θobs = 0; (b) different observations
angles θobs = 0 in the off-axis scenario for fixed Γ = 30. We assume pure proton
injection and the same parameters as given in Fig. 7.2. Solid curves refer to a
fixed baryonic loading of ξA = 100, where thick solid curves correspond to collisions
above the photosphere, and thin curves indicate sub-photospheric collisions. For the
dashed curves, the baryonic loading has been maximized demanding that Rcoll >
Rph. Figures taken from Biehl et al. [2].
gamma-ray fluence Fγ as well as the spectral index α and peak energy Epeak of the SED. The
grey scale on the left shows fraction of the total mass (2.74+0.04−0.01M⊙ [46]) of the binary system
translated into accelerated baryons. The upper limit is given by the photospheric constraint at
a baryonic loading of ξA ≃ 103. Even when upscaled to this extreme value, the neutrino flux
prediction is still about four orders of magnitude below the sensitivity of the neutrino detectors.
We now demonstrate the scaling of the neutrino flux for the two jet scenarios.
Strutured jet: We show the impact of the Lorentz factor on the muon neutrino fluence in
Fig. 7.3a. The illustrate the qualitative scaling with Γ, we show the solid curves for fixed
baryonic loading ξA = 100 ignoring the photospheric constraint. The scaling agrees well with
the analytic prediction from Eq. (7.11). For small Γ there is an additional damping at the
high energy tail of the spectrum, which is due to secondary cooling that was ignored in the
analytical estimate. As the collision radius decreases with Γ, the neutrino production becomes
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more efficient. However, smaller Γ also implies larger radiation densities in the shell frame, which
increases the photospheric radius. The dashed curves show the maximal neutrino flux that is
compatible with the photospheric constraint in Eq. (7.13). For Γ < 20 this constraint means the
initial prediction with ξ = 100 has to be down-scaled. For lower values of Γ the neutrino flux
is therefore actually more constrained than for higher values. In any case, the predictions are
at least four orders of magnitude below the neutrino-telescope sensitivities in the structured jet
scenario.
Off-axis fireball: In the off-axis fireball scenario, the observation angle θobs enters as an addi-
tional parameter influencing neutrino production and photospheric radius. The dependence of
the neutrino fluence on the observation angle is shown in Fig. 7.3b with the Lorentz factor fixed
to Γ = 30. The solid curves are again given for fixed ξA = 100 and scale in agreement with
Eq. (7.11). For this fixed ξA the collisions already become sub-photospheric for small observa-
tion angles θobs ∼ 2◦. For large observation angles, the fluence is therefore highly suppressed
by the photospheric constraint. This is again indicated by the dashed lines, which are scaled to
the maximal ξ. Compared to the structured low luminosity jet, the off-axis scenario therefore
makes it even less likely to detect a neutrino from this event.
As demonstrated for the two scenarios, small Lorentz factor Γ or large observation angle θobs
imply a strong photospheric constraint on the baryonic loading of the GRB jet. In Fig. 7.4a we
show how this constraint affects the full parameter space. The red contours show the maximal
baryonic loading allowed such that the collision is still super-photospheric in the internal shock
model. The scaling with θobs in Eq. (7.6) has a break at θobs = θjet, which is indicated by the
white dashed line assuming that θjet = 1/Γ.
The observed time delay of tdelay = 1.7 s between gravitational wave and gamma-ray signal
implies a constraint on the observation angle [303], as explained in Section 7.2.1. The allowed
region is highlighted in white.1 Note that this is only an upper limit, which assumes that the
gravitational wave and jet are emitted at the same time. If there is already a time delay between
the inital collision and the jet launch, the time delay due to the observation angle can be smaller.
However, the stronger constraint comes from the photosphere. A baryonic loading ξA = 10 is a
common ad-hoc choice in the literature for the neutrino production from GRBs. For this value
the photospheric limit is already more constraining than the time delay.
The uncertainty on the neutrino flux implied by the allowed parameter space is shown in
Fig. 7.4b. The blue band shows the range of the neutrino flux allowed within the parameter
1Compared to the calculation given in Salafia et al. [303], we assume a different efficiency ε = 0.25 to convert
between the kinetic energy and the isotropic equivalent energy, leading to a slightly larger allowed region.
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(a) Parameter space (b) Neutrino flux range
Figure 7.4: Allowed parameter space in θobs −Γ for GRB170817A and resulting neutrino fluence:
(a) The red contours in θobs −Γ show the maximal baryonic loading ξA,max such that
the dissipation radius is still super-photospheric. The scaling in Eq. (7.7) and (7.9)
has a break at θobs = θjet, which is illustrated by the white dashed curve assuming
that θjet = 1/Γ. The dashed black curve corresponds to a 1.7 s photon arrival
time delay between gamma-ray and gravitational-wave signal according to Salafia
et al. [303]. The dark shaded region would lead too large arrival-time delays, and
is therefore excluded. (b) The blue band shows the range of the νµ + ν̄µ fluence
for the allowed parameter space in θobs − Γ assuming pure proton injection and the
maximal baryonic loading. Three example curves are shown with fixed parameters
(see legend) and pure proton (solid) or pure iron (dashed) injection. Figures taken
from Biehl et al. [2].
space Γ−θobs, assuming that for each combination the maximal baryonic loading is realized. For
illustration we show three discrete parameter combinations for proton (solid) and iron (dashed)
injection. As indicated already by Fig. 7.3, the the neutrino fluence will not exceed ∼ 5 × 10−5
GeV cm−2, which is about a factor 10−4 below the sensitivity of the neutrino telescopes. It is
therefore highly unlikely to see any neutrinos produced in the prompt phase of this short GRB,
under the assumption that the prompt gamma-ray and neutrino emission come from the same
dissipation radius in the internal shock model.
Note again that rescaling with the maximum baryonic loading means that we do not allow
for sub-photospheric collisions. If the photospheric constraint was omitted, i.e. by a model
considering sub-photospheric emission, the neutrino peaks could be strongly increased. The
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reason is that for smaller radii the energy density would be much higher resulting in highly
efficient neutrino production. However, Fig. 7.3 indicates that even for the extrapolation of our
model below the photosphere the peak is well below the sensitivity of the neutrino telescopes.
On the other hand the baryonic loading is not constrained from below, as the jet might be purely
leptonic. There is therefore no lower limit on the neutrino flux.
7.4 Discussion
We have computed the expected neutrino fluence from GRB170817A for two different scenarios:
a structured jet scenario, and an off-axis top-hat scenario. The flux is strongly constrained
by the baryonic loading, since larger values of the baryonic loading imply strong photospheric
constraints. Still, even without these constraints the flux is far below the sensitivities of the
neutrino searches. This is not unexpected, since there was no neutrino candidate associated
with GRB170817A. Nevertheless, we demonstrated that the scaling with the off-axis angle is
more complicated than the scaling assumed in the initial neutrino searches [304]. This should
be taken into account for possible future off-axis observations.
Note that we only discussed two rather simple jet scenarios and used only approximate scaling
relations for the off-axis observation, that transfer them to on-axis quantities. In a recent
study, Ahlers and Halser [311] derived the scaling for a more detailed treatment of the off-axis
observation. They calculate the full integral of the neutrino flux over the observed emitting
shell for both a top-hat and structured jet. This more detailed method leads to slightly higher
neutrino fluxes in the off-axis case, see their Fig. 4. The flux prediction is, however, still far out
of reach of the detection limits for this event.
In fact, the jet scenario is still under discussion. Since the prompt emission from GRB170817A
was rather typical for a GRB except for its dimness, the structured or off-axis jet scenarios were
initially favoured over other mechanisms, such as cocoon emission [308]. However, the afterglow
that has since been observed is rather untypical with an exceptionally long rise and a rapid
decay [298, 299]. From these observations, Mooley et al. [308] conclude that the off-axis scenario
is unlikely, since it would produce a sharper rise. Instead, they find that cocoon emission from
a chocked jet is most consistent with the gamma-ray, x-ray and radio emission. However, other
models find a consistent description of the afterglow for an off-axis jet scenario [312–315] or for




In this thesis, we have treated different aspects of modelling the UHECR spectrum and compo-
sition: We implemented a new code, PriNCe, for the extragalactic propagation of UHECRs; we
employed this code in an extensive fit to the observed UHECR spectrum and composition treat-
ing several model uncertainties, such as hadronic-interaction models and disintegration models;
we also discussed a multi-collision model of GRBs and its neutrino and UHECR output. In
all of theses cases, we considered the UHECR-neutrino connection, which means that high-
energy astrophysical neutrinos are likely produced by photo-hadronic interactions of UHECRs
and therefore carry information on their acceleration sites and their redshift evolution. Detailed
summaries were given at the end of each chapter, here we recapitulate only the main results:
PriNCe: We explained the main methods employed for the propagation code PriNCe, that was
developed from the ground up in the context of this thesis. PriNCe solves the integro-differential
equation system for extragalactic UHECR propagation using a vectorized formulation. This
leads to high computational efficiency with computation times of around half a minute for a
spectrum containing iron injection. Compared to Monte-Carlo based methods, this approach is
especially efficient for variations of the extragalactic environment and interaction cross sections.
The code was written in a modular way, such that it can be extended in the future to include
additional physical processes, for example the electromagnetic cascade and diffusion in magnetic
fields. It should also be applicable to isotropic source models with relatively little extensions.
UHECR parameter scan: We presented an extensive parameter scan of a fit to the Auger en-
ergy spectrum and composition, which is the first practical application of PriNCe. We discussed
the correlations between the main model parameters for a generic source with maximal rigidity
Rmax, spectral index γ and source evolution parameter m. The main features are an overall low
maximal rigidity and an anti-correlation between γ and m. Both of these features are affected
by the Xmax based composition measurements, which allow for relatively low superposition of
individual mass spectra. We put specific focus on the impact of different photo-disintegration
and air-shower models. Especially the choice of the hadronic interaction model has a strong
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qualitative impact on the allowed parameter space in the fit. From the allowed UHECR pa-
rameter space, we computed the expected flux of cosmogenic neutrinos. This flux is very low
independent of the exact model choices and will likely be out of reach of even future radio-based
neutrino detectors.
GRB multi-collision models: We discussed GRBs in the internal shock model with multiple
collisions. In this model, the GRB jet is represented by a sequence of discrete plasma shells
that collide at different radii depending on their initial separation and relative speeds. In this
sophisticated model, the different messengers come from different radii: Neutrinos are produced
close to the photosphere, where their production efficiency is high; UHECRs escape at inter-
mediate radii, where acceleration is efficient and not limited by interaction losses; high-energy
gamma rays come from large radii, where their maximal energy is less constrained by interac-
tions. Within this model, we discussed the impact of two assumptions: The initial engine setup
and the model for the collision of two shells.
The initial engine setup can be roughly categorized into two classes: A ‘disciplined’ engine
for which the initial spread in Lorentz factors is low and a ‘stochastic’ engine with large initial
fluctuations in Lorentz factors. In the ‘disciplined’ case, the average collision radii are generally
larger. For stochastic engines, the neutrino flux level is relatively robust under the exact setup
of shells, while the disciplined case can produce significantly lower neutrino fluxes. The observed
light curve is indicative of the initial shell distribution and might therefore be used as an indicator
for the expected neutrino production. We also explored different models for the collision of two
shells, which produce either one or two shells in the final state. The model with two final shells
leads to a higher overall conversion efficiency from kinetic to dissipated energy. However, such a
two-shell final state requires fine-tuned parameters of the initial shells. Assuming a single merged
shell in the final state is therefore the more realistic assumption. In any case, the neutrino and
UHECR output is relatively robust under a variation of the collision model.
We did not fit the result of this multi-collision GRB model to UHECR spectrum and compo-
sition. However, a qualitative discussion of the ejected UHECR spectra in our examples reveals
that the spectral index is too soft to fit the observations after propagation. By adjusting the
engine parameters, a good fit to the UHECR spectrum can in principle be found as previously
demonstrated in Globus et al. [122]. Still, it is an open question how much fine-tuning this
requires.
Neutrino flux from GRB170817A: GRB170817A has received large attention in the recent
literature, as it was the first GRB observed in coincidence with a gravitational wave signal. It is
an outlier in the population of observed GRBs due to its dimness, which might be explained by
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an off-axis observation. We computed the neutrino flux from this event under the assumption of
different jet geometries and discussed their photospheric constraints. For all cases, the expected
neutrino flux is at least four orders of magnitude below the experimental sensitivities, which is
consistent with the non-observation of neutrino candidates from its direction. Still, our study
shows some of the subtleties that need to be taken into account in the case of future off-axis
observations of GRBs.
The three parts of UHECR models (source, propagation and air shower) are strongly con-
nected. This is demonstrated by comparing the result of our UHECR fit with a generic source
model to the output of the GRB multi-collision model. The generic source model leads to a good
fit of the observed spectrum. Still, the resulting hard spectral indices are not easily explained
by the more realistic GRB model, since its spectra will generally be softened by the superposi-
tion of individual collisions. This effect will only be amplified for a population of sources with
varying parameters. The required composition ejected from the source is constrained by the
observations, but varies with disintegration model and source evolution. This adds constraints
on the source parameters, which should produce such a composition. A complete model of the
ejected composition needs to take into account the initial abundance of elements, the acceler-
ation mechanism, and disintegration inside the source. Additionally, the choice of air shower
model changes the inferred composition significantly, which has non-trivial impact on the pa-
rameters of the generic source model and by extension also the parameters of a more realistic
source model.
Often theoretical models focus on one of the three parts, such as the modelling of sources, while
making ad-hoc choices about the others parts. This is required as a first assumption to focus on
a detailed understanding of each part of UHECR physics. However, it is important to be aware
of the effects implied by the individual model choices. The detailed connections are best studied
in combined source-propagation models. With the codes and models developed in this thesis,
all the tools required are present for a combined fit of the multi-collision GRB model, taking
into account a wide range of model uncertainties. Judging from the qualitative discussion of the
UHECR spectra, the multi-collision model parameter space will likely be strongly constrained
by the fit to UHECR data. This fit will also result in a more robust normalization of the source
neutrino flux than the ad-hoc choices used in Chapter 6. With this, we will be able to make
a robust prediction of the neutrino flux, which is likely to be testable with next generation
neutrino telescopes. This project has already started. However, conclusive results were not
obtained before the completion of this thesis.
Source and propagation models can be further constrained taking into account additional data.
Cosmogenic photons can limit the UHECR parameter space, but a realistic prediction has to
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account for the electromagnetic cascade. For models of the UHECR spectrum across the ankle,
the diffusion in extragalactic magnetic fields becomes more impactful. Including these effects in
PriNCe is therefore important to allow for more complete models in the future. Especially the
application to source models will open up a wide range of applications.
Even without these extensions, there are a few applications of PriNCe that have not been
explored yet. The code is especially efficient when varying cross sections and background photon
fields. These effects have been discussed qualitatively in Alves Batista et al. [210], but only for
discrete example cases. Using PriNCe, we could make more comprehensive studies giving
robust uncertainty bands. Such a study would be especially interesting for photo-disintegration
models, for which measurements exit only for a few isotopes and channels [18]. Additional
measurements are feasible with current accelerators. Robustly identifying the cross section
channels that have the strongest impact on UHECR observations will be of interest for possible
future experimental efforts. Another application for PriNCe would be backward propagation of
UHECRs. It is impossible to make inverted time steps in Monte-Carlo codes, since they trace the
cascade from a single initial particle. However, our approach solves the differential equation for
the average particle densities and can in principle be run for inverted time steps. It can therefore
be used to propagate the observed flux and its uncertainties back to the assumed sources to get
the allowed range for source spectra. Such an approach has been attempted in Ptuskin et al.
[317] for proton and iron injection, but without simulating the full nuclear cascade, resulting in
rather unphysical source spectra. Still, this approach could be explored further using our more
sophisticated code. This approach needs to take into account additional assumptions, since
for example the source distribution is still a free parameter. To get more realistic results, one
therefore possibly needs to take into account more physical constraints, such as from secondary
neutrino and gamma-ray production.
Even for more complete and realistic models of UHECR sources, a strong degeneracy between
different source classes is likely to remain when considering only the diffuse UHECR data. The
presented results for the UHECR fit demonstrate strong degeneracies between different source
evolutions. There is also a wide range of possible UHECR source candidates with different
redshift evolutions that are in principle luminous or numerous enough to power the flux of
UHECRs. Source models that can in principle fit the flux and composition of UHECR include
AGNs [119, 120], high luminosity GRBs [122–124], low luminosity GRBs [133, 134], TDEs [129–
131], starburst galaxies [127] and galaxy clusters [163]. The discrimination between the detailed
source physics from UHECR data is especially difficult since the data seems to favor a rigidity
dependent maximal energy, i.e. low disintegration inside the sources, which minimizes the impact
of the detailed radiation physics inside the source. One way to break this degeneracy is to include
constraints from other messengers. For example, source neutrinos are strongly constraining high-
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luminosity GRB models [124]. However, as we demonstrated, the expected flux of cosmogenic
neutrinos is very low. It will therefore likely not be constrained by observations in the foreseeable
future. Another approach is to include directional information. This information is analysed
in anisotropy studies for UHECRs [14]. However, these studies often consider simple, linear
relations between the emission of photons and UHECRs and do not account for the energy
losses. More sophisticated future studies should consider information on energy, composition
and arrival direction at the same time. It has been shown that UHECR anisotropy studies are
already more constraining when including energy losses for pure proton injection in a simple
analytic model [318]. Such studies often rely on Markov-chain Monte-Carlo methods, which are
not trivial to parallelize. They therefore require fast computation times, and hence often rely
on analytic models. This might be another application for an efficient code like PriNCe, which
could in principle be run inside a Markov chain.
Multi-messenger astronomy is a young field, which has only started to show its possibilities.
The multi-messenger observations of GRB170817A and TXS0506+056 have been the start of
what might become the ‘era of multi-messenger astronomy’. A large experimental effort is going
into coordinating different experiments through networks like AMON [58, 59], while also the
sensitivities and spatial reconstruction will improve with future experiments like CTA [319],
IceCube-Gen2 [99], and the future runs of Advanced LIGO [40]. We are therefore likely to
see multi-messenger observations much more frequently in the future. This will not only allow
to study the physics of the observed source in greater details, but also improve the search for
correlations with populations of UHECR source candidates. A multi-messenger observation
directly involving UHECRs is however not expected, since UHECRs lose spatial and temporal
correlation in magnetic fields. Still, the information on the UHECR spectrum, composition and
anisotropy will be improved by the future upgrades AugerPrime [85] and TA×4 [87]. Future radio
detectors like GRAND [103] and ARIANNA [102] might detect neutrinos at energies above the
current sensitivity of IceCube. At the same time, the microphysics of particle interactions in both
photo-disintegration and hadronic interactions still constitutes a large model uncertainty. More
detailed measurements of nuclear disintegration cross sections are experimentally accessible. The
nuclear physics community could therefore greatly help in the modelling of UHECRs. The same
is relevant for hadronic interactions. While the energies of the initial UHECR interactions in
the atmosphere are not accessible in current accelerators, more detailed measurements at lower
energies will help to improve model extrapolations. The observed muon excess is a clear sign
of a systematic error in current hadronic interaction models [218, 219]. AugerPrime will enable
a more clear separation of the electron and muon shower components, providing another tool
for tuning the models. Advancements of hadronic interaction models will have crucial impact
on the interpretation of UHECR composition. Especially if the shower-to-shower fluctuations
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σ(Xmax) decrease in future models, they might have strong impact on the preferred UHECR
source candidates as this would allow to deviate from a strictly rigidity-dependent cutoff.
The expected abundance of data from future experiments provides both a huge challenge and
opportunity for multi-messenger theory. Drawing connections between the different observations
requires sophisticated models that take into account detailed descriptions of the underlying
microphysics and at the same time allow for efficient exploration of large parameter spaces. This
includes modelling a full population of sources instead of treating a single model as representative
for a whole population. To constrain the complexity of such models, they have to take into
account as much of the available data as possible. The field will therefore greatly benefit from
open data policies, which some experiments, such as IceCube, already employ. At the same
time, making computational models open source can also facilitate the exchange. CRPropa is
an example for an open-source software that has seen large popularity and a rapid development
in the recent years. While we did not have the resources to get the PriNCe code ready for
publication during this PhD project, we plan to make it openly available in the near future.1
Open-source software has the potential to greatly accelerate the progress on theoretical models
and also allows various communities to use more sophisticated models in their analyses. With
such combined efforts between experiments and theory, we will surely see further progress in
the field of multi-messenger astronomy. This has the potential to finally reveal the origin of
UHECRs and astrophysical neutrinos.
1Between the submission and publication of this thesis, the code has been published.
The source code is available at https://github.com/joheinze/PriNCe
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Details on the PriNCe code
This appendix gives additional detail on the methods used for the PriNCe code, which is
described in Chapter 4. The analytic derivations given here were also contained in the short
description of PriNCe in Heinze et al. [3, app A]. The treatment and notation for the nuclear
cascade follow the conventions of NeuCosmA, which are described in Refs. [18, 124]. However,
they were reformulated in a discretized way for the treatment in PriNCe.
A.1 Transport equation in detail










Qj→i(Yj(E)) + Ji(E) . (A.1)
We will explain the different terms in more detail in this section. The last term Ji(E) simply
accounts for the injection from sources for each species as a function of energy.
Continuous losses: The first term accounts for continuous energy losses. The two processes
of this form are adiabatic cooling (see Section 3.2.3) and electron-positron-pair production (see






















Where the latter has been derived in Blumenthal [203]. These terms account for energy losses
for a single species. For the numerical solver they are treated by finite differences as explained
in Section A.4.
Appendix A Details on the PriNCe code
Discrete interaction terms Discrete interactions are described by the interaction of particles
and the subsequent re-injection into secondaries at different energies. Note that this can in
principle also include re-injection of the same species or at the same energy (or both in the
case of elastic scattering). These processes are described by the interaction rate Γi(t) and the
re-injection terms Qj→i(Yj(E)). The reinjection terms are a short notation for the integral over







(Ej , Ei) Yj(Ej) (A.4)
Where we introduced the differential interaction rate dΓj→i/dEi(Ej , Ei).








2 (1 − cos θ)nγ(ε, cos θ) σi(εr) . (A.5)










2 (1 − cos θ)nγ(ε, cos θ)
dσj→i
dEi
(Ej , Ei, εr) . (A.6)
Note that for relativistic primaries the distribution of secondaries does only depend on the ratio
of energies x = Ei/Ej . For the implementation it is therefore practical to tabulate the inclusive
cross section dσi→j/dx(x, εr) as a function of x. We omit this substitution here for clarity.
For isotropic photon fields the pitch-angle-averaged cross section f(y) can be pre-computed
and the interaction rate becomes:
Γi(Ei) =
∫︂








where y ≡ (Eiε)/mi and corresponds to the pitch-angle-averaged photon energy and the rest
frame photon energy is εr = y(1 − cos θ). The inclusive differential cross section can again be




Qj→i(Yj , Ei) =
∫︂ ∞
Ei
dEj Yj(Ej , z)
∫︂
dε nγ(ε) hj→i(Ei, Ej , y(Ej , ε))








(Ej , Ei, εr) .
(A.8)
Particle decays The decay of unstable particles is governed by a term ∂tYi = −Γdec,i(Ei)Yi
with the decay rate Γdec,i(Ei) = (Ei/mi τi)−1, where τi is the lifetime of an unstable particle or
nucleus i at rest. The re-injection terms for the decay products have a similar form to Eq. (A.8),
but do not depend on the photon field. Hence the second integral over photon energy does not
appear:






(Ej , Ei) Yj(Ej) . (A.9)
The redistribution function dnj→i/dEi is in this case the inclusive energy distributions of the
decay product i in decays of j. To obtain inclusive distributions, all decay channels that contain
i are summed with their branching ratio as weight.
Most unstable particles that occur in UHECR propagation have a mean lifetime much smaller
than the other relevant timescales. Hence, the decay can be regarded as an instant process at













(Eu, Ei) . (A.10)
For decay chains that proceed via multiple intermediate particles this formula is applied recur-
sively. In practice, we substitute dσj→u/dEi (production term for the unstable particle u) in
Eq. (A.8) with distributions of the decay products of u, dσj→u→X/dEX if τu < τthresh. For
UHECR propagation we set τthresh to ∞, i.e. all unstable particles decay immediately.
A.2 Boost conservation
A special case for the re-inejction arises for secondary nuclei. At high energies (Ei ≫ TeV), the
impact of the internal nucleon motion can be neglected to a good approximation, resulting in
the conservation of the boost of secondary fragments, i.e. the energy per nucleon is conserved.
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The redistribution function then simplifies to
dσj→i
dEi








where Mj→i is the averge multiplicity. For this case, it is convenient to express all equations in
terms of energy per nucleon EAi = Ei/Ai. This leads to the simpler form of Eq. (A.11):
dσj→i
dEAi
(EAj , EAi ) ≈ σj Mj→i δ(EAi − EAj ), (A.12)












dεr εr Mj→i σ(εr)
(A.13)
For the numerical treatment, the whole system is solved by discretizing in energy, as described
in Section 4.2. Therefore it is convenient to formulate the equation system in EAi . This makes
the treatment of the δ-function in Eq. (A.12) accurate as long as the same grid in EAi is chosen
for all nuclear particle species. We use the form Eq. (A.13) for all nuclear species in the code.
However for the sake of brevity we do not mention this substitution explicitly in the formulas
in Chapter 4.
A.3 Batch matrix computation of interaction rates
As mentioned in Chapter 4, the computation of the interaction and re-injection rates can be
significantly accelerated by ordering them accordingly to the sparse matrix format. We will give
details in this section.
By discretizing the photon field analogously to the UHECR grid, the formula for the interac-
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tion rate in Eq. (A.7) becomes:









= Fki · n⃗ .
(A.14)
The factor ∆εm can be absorbed into either the kernel matrix F or the photon field vector














= (Hklij · n⃗) ,
(A.15)
where the differential elements are absorbed into the kernel matrix Hklmij = hklmijk ∆Elj∆εm. The




i · n⃗) + (Hklij · n⃗) if i = j and k = l
(Hklij · n⃗) if i ̸= j or k ̸= l
. (A.16)
The computation of elements of Φ can be done in a single matrix expression if F and H are
combined into a single cross section kernel K. By ordering K according to the order of the D⃗
vector of Φ, the elements of D⃗ can be modified in-place without additional memory allocations:
(︂











(−Fkl0i + Hkl0ii ) . . . (−FklMi + HklMii )
...
...
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This arrangement allows for very fast computation of all coefficients of Φ and hence the handling
of the time/redshift dependent ODE system becomes very efficient. The cross sections can be
varied by scaling or replacing elements of the kernels in K between runs without additional
initialization overhead.
A.4 Finite differences
The partial differential part of the transport equation comes with two continuous loss terms:
∂tY = −∂E(badYi) − ∂E (bpairYi) (A.18)
with the loss terms defined as b ≡ dE/dt.
We have already accelerated the numerical solution of photo-nuclear part of the equation
system by solving the ODE in the sparse matrix form. The standard approach to include partial
differential terms is to express the energy derivatives as finite differences, e.g. second order
central differences:
f ′(Eki ) =
f(Eki+1) − f(Eki−1)
2∆Eki
+ O((∆Eki )2), (A.19)
with i indicating the energy grid index. By ignoring boundaries, the discretized differentiation



























Notice that this leads to an anti-symmetric matrix, which always has purely imaginary eigen-
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It is clear that this form of D leads to oscillations in the solution. This is typically overcome by
choosing a specific solver scheme (such as Crank-Nicholson), where the ration of time step ∆t
and energy-grid ∆E is fixed to suppress these oscillations. However as discussed in Chapter 4,
we want to use a backward differentiation scheme to deal with the stiffness of the hadronic
interactions. We found by testing that it is equally accurate and more stable for our purpose to
use forward biased differences, e.g. in second order:
f ′(Eki ) =
−1f(Ek+2i ) + 4f(E
k+1
i ) − 3f(Eki )
2∆Eki
+ O((∆Eki )2). (A.23)
The code allows to adjust the order of finite differences to optimize for the given problem.
Currently we use 6th order finite differences. While this is probably more than necessary, we
find that the impact on performance is small, as the computation time is dominated by the
photo-hadronic part. For applications different from UHECR propagation we might however
have to revisit this choice. If the order of the operator does not change, Dkli can be included in




Additional material from the UHECR fit
B.1 Impact of the updated 2017 data set on the two-dimensional fit
To test the methods described in Section 5.2, we use them in this appendix to reproduce the
results of the Auger Combined Fit (CF) [148]. This acts mainly as a verification of our fitting
methods as well as the new propagation code PriNCe. There are however some interesting
implications due to the updated 2017 data set [88, 93] compared to the older 2015 data set [320,
321]. By discussing these in the exact same framework, we establish that these are purely due to
the higher statistics and unrelated to other modifications that we introduced for our fit including
source evolution in Section 5.3. This reproduction was part of the study published in Heinze
et al. [3].
We chose exactly the same parameters as in the main results of the CF: The source evolution
parameter is fixed to m = 0 (flat evolution); the nuclear disintegration, the CIB and the air-
shower model are fixed to PSB [207], Gilmore et. al. [194] and Epos-LHC [220], respectively.
The remaining free parameters are therefore the spectral index γ, Rmax and the nuclear fractions
JA. We minimize over these while keeping the energy scale δE fixed.
The fit range of the CF starts at 5 · 109 GeV. We noticed that with the new data set, χ2 is
significantly affected by the small discontinuity next to the ⟨Xmax⟩ point at 5.5 · 109 GeV. This
point alone adds a χ2 ≈ 35 to the best fit with a total χ2 ≈ 102. We therefore treat this data
point as an outlier and start the fit range at 6 · 109 GeV. This choice does not otherwise impact
the fit qualitatively.
The contours for this fit are shown in Fig. B.1 and the best fit values are summarized in
Tab. B.1. For the 2015 data set we find the same qualitative result as the CF: a flat extended
minimum with γ < 1 and 1 · 109 < Rmax < 8 · 109 GV, and a second local minimum at γ ≈ 2
and Rmax ≈ 4 · 1010 GV. The differences in the exact locations of the minima with respect to the
CF can be partly explained by the different methods of our propagation code. The differences
between SimProp and CRPropa are on a similar level, as discussed in Aab et al. [148] and
Alves Batista et al. [210]. Additional small shifts originate from the handling of the experimental
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Figure B.1: Parameter space in γ and Rmax assuming flat source evolution, corresponding to
the Auger data sets of 2015 (left) and 2017 (right). The fits were done for model
combination of PSB and Epos-LHC and with fixed energy scale, to be directly
comparable to the CF baseline case [148]. The colored shading corresponds to√︂
χ2 − χ2min, while χ2 − χ2min is used to determine the contours. The contours are
given for 1σ, 2σ, 3σ (for 2 d.o.f.). The best fit in each panel is indicated by a white
dot. Figure taken from Heinze et al. [3]
Figure B.2: Spectra (upper panels) and composition observables (lower panels) corresponding
to the best fit to the Auger 2015 (left) and 2017 (right) data assuming flat source
evolution and scanning in Rmax and γ. The best fit values are found at γ = −0.35,
Rmax = 2.8 · 109 GV (2015 data) and γ = −0.7, Rmax = 2.5 · 109 GV (2017 data).
The grey shaded area indicates the range below 6 · 109 GeV, which is excluded from
the fit. The expected composition is calculated assuming the EPOS-LHC shower
model and comparing to the first two moments of Xmax distributions. Figure taken
from Heinze et al. [3]
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Table B.1: Best fit parameters corresponding to the results of the fit with flat source evolution
for the combination of PSB and Epos-LHC, using the 2015 and 2017 Auger data
sets. Uncertainties are given for the 1σ-interval (for 1 d.o.f.). Table taken from
Heinze et al. [3]
Auger 2015 Auger 2017




Rmax (GV) (2.8 ± 0.2) · 109 (2.5 ± 0.1) · 109
m 0.0 (fixed) 0.0 (fixed)
δE 0.0 (fixed) 0.0 (fixed)
fA(%) H He N H He N
5.8+22.0−5.8 89.9
+0.6




−0.6 2.4 ± 0.2
Si Fe Si Fe
0.3 ± 0.0 0.0+4.6−0.0 · 10−3 0.1 ± 0.0 (3.7 ± 2.0) · 10−3

















−2.3 2.1 ± 1.1
χ2 / dof 44.4 / 22 65.3 / 22
observables. While we fit the first two Xmax moments for the composition, the CF uses the full
Xmax distribution. This has the strongest impact on the second minimum at γ = 2, which
becomes less significant in our approach. In addition, we directly fit the unfolded spectrum and
do not use a forward-folding procedure in the fit. We cannot reproduce the exact same approach
without access to the Auger internal data (full Xmax distribution, detailed detector response).
When switching to the 2017 data set, the best fit parameters do not qualitatively change
(see Tab. B.1). However, the χ2min becomes worse due to the higher statistics. The allowed
contours become narrower with a stronger preference for positive spectral indices. The second
local minimum disappears. The reasons are the reduced statistical errors and a narrower width
of the Xmax distribution at the highest energies of the 2017 data set, leaving less room for the
combination of a high Rmax with somewhat softer spectral indices.
The largest qualitative difference concerns the injected iron fraction. While the 2015 data set
does not require iron at the source, the new data suggest a small - but non-zero - integral iron
fraction I9Fe ≈ 2%. This is also visible in the comparison of the best fit spectra in Fig. B.2: for
the 2017 data set (right panel) there is a contribution of heavy elements at the cutoff, which is
absent in the fit to the 2017 data set (left panel). This is due to the increased statistics of the
three highest energy data points in the spectrum, which have a higher flux in the updated data
set. The fit is mainly driven by the fit to the ankle, where the data has the highest statistics.
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The fit in this range fixes the lighter elements, leading to low maximal rigidities. As we chose the
maximal energy proportional to the charge Z, sustaining the flux at the the highest energy data
points then requires an iron fraction. However, this relies on the initial assumptions, i.e. rigidity
dependence of the maximal energy and the fixed energy scale. Hence it cannot be rigorously
interpreted as evidence for a non-zero iron fraction. Note however that this is also found in the
three dimensional fit for all model combinations as demonstrated in Section 5.3.4. An indication
for an iron contribution can also be inferred directly in the composition data above 1019.4 eV as
discussed in Unger [8]. However, that result depends more strongly on the hadronic interaction
model.
B.2 Additional plots and data from the 3D fit
This appendix provides additional material from the UHECR parameter fit in Chapter 5:
Tab. B.2 contains the best fit parameters for the nine different model combinations. Fig. B.3
and Fig. B.4 show the fit contours in γ −Rmax and Rmax −m respectively. The best fit spectrum,
composition and injection spectrum for the combination of Peanut - Epos-LHC are shown in
Fig. B.5 and Fig. B.6.
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Table B.2: Best fit parameters for the 3D parameter scan with free source evolution for all nine
model combinations, as described in Section 5.3.2

















































































χ2 / dof 27.0 / 21 53.1 / 21 259.1 / 21






Rmax (GV) 1.4+0.5−0.0 · 109 3.5
+0.5











































































χ2 / dof 23.8 / 21 46.6 / 21 228.8 / 21






Rmax (GV) 1.8+0.3−0.1 · 109 1.6
+0.2











































































χ2 / dof 32.9 / 21 38.5 / 21 209.9 / 21
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Figure B.3: Same as Fig. 5.5 but for the plane in γ − Rmax.
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Figure B.4: Same as Fig. 5.5 but for the plane in Rmax − m.
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Figure B.5: Same as Fig. 5.1, but for the combination of Peanut - Epos-LHC
Figure B.6: Same as Fig. 5.2, but for the combination of Peanut - Epos-LHC
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